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Abstract

Neutrinos are one of the most elusive particles in the Universe and they have tiny masses, as

confirmed by oscillation experiments. The seesaw mechanism provides an appealing way to produce

neutrino masses, which are associated with the dimension-5 Weinberg operator in the effective field

theory. The seesaw mechanism is naturally embedded in the minimal left-right (LR) symmetric

model, from which one can obtain a seesaw relation that relates the active neutrino masses to

some other parameters in the LR symmetric model. However, these parameters may receive large

quantum corrections when they evolve to lower energies, which will result in the violation of the

seesaw relation. The quantum corrections are characterized by the renormalization group equations

(RGEs), or β-functions.

In this project, we perform the RG analysis of the effective coupling of the Weinberg operator

between the electroweak and the LR symmetry breaking scales. We consider the two-Higgs doublet

model (2HDM) with the additional right-handed neutrinos and SU(2)L scalar triplet and derive

the β-function for the effective coupling at one-loop level. We find that the antisymmetric part

of the β-function contributes to the neutrino masses only via RG evolution, while the symmetric

part contributes directly after spontaneous symmetry breaking. At the end, we emphasize the

importance of this work by highlighting a few of its phenomenological implications.
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Chapter 1

Introduction

The aim of particle physics is to understand the fundamental building blocks of the Universe,

known as elementary particles, and their interactions. In the quest for a coherent and elegant

mathematical framework that captures basic physical laws which govern these particles in a unified

way, the Standard Model (SM), is arguably one of the most splendid triumphs in particle physics

that fulfilled this goal. Over the past few decades, it has become one of the most well-tested

physical theories and a fundamental paradigm. It describes the three fundamental interactions (the

electromagnetic, weak and strong interactions) between all elementary particles known to date,

including leptons, quarks, gauge bosons and the Higgs boson1 [1]. Mathematically, the SM is a

gauge theory based on the gauge symmetry group GSM = SU(3)C × SU(2)L × U(1)Y
2, where

SU(2)L×U(1)Y describes the electroweak interaction (the unification of electromagnetic and weak

interactions) between leptons and quarks, and SU(3)C encapsulates the strong interaction between

the colored quarks [2]. Throughout the years, the SM has explained most of experimental results

in particle physics and faithfully predicted multiple phenomena to high accuracy, for example, the

prediction of W± and Z0 bosons including their masses were first experimentally confirmed in 1983

[3, 4, 5, 6]. More recently, the discovery of the Higgs boson [7, 8] offers another cogent piece of

evidence that validates the SM.

Despite the overall success of the Standard Model, it also leaves some open questions which

cannot be answered within its framework, one of which is regarding the origin of neutrino masses.

The neutrinos are assumed to be massless in the SM, i.e. they do not obtain masses via the

Higgs mechanism3 as other fermions in the SM do. However, the evidence for neutrino flavor

oscillations initially reported by the Super-Kamiokande (Super-K) experiment [10] suggests that

neutrinos have non-zero masses. To explain the active neutrino masses, we need to seek for new

theories beyond the SM. One of the simplest and most appealing solutions is the so-called seesaw

mechanism [11]. The electrically neutral nature of neutrinos raises the possibility that they may

be Majorana fermions, which are their own antiparticles. In the conventional seesaw mechanism,

neutrinos naturally contain Majorana mass terms in the Lagrangian and their small masses can be

realized through the exchange of heavy particles at some high energy scale. Three types of seesaw

mechanism are often considered, depending on what kind of heavy particle is introduced.

The other problem that the SM bears is that the theory itself contains too many free parameters,

such as masses of different particles, mixing angles and coupling constants, making it unlikely to be

the ‘ultimate’ complete theory of nature. As the work by Glashow, Weinberg and Salam (known

as the GWS theory) [12, 13, 14] showed that the electromagnetic and weak forces can be unified

into a single electroweak force at a sufficiently high energy scale, it is rational to speculate that

at an even higher energy scale, the strong and electroweak interactions can also be unified, thus

reducing the number of independent parameters in the theory. Such theories are called the Grand

Unified Theories (GUTs). In the language of group theory, this means that there exists a larger

symmetry group which contains the SM gauge group GSM . Two of the earliest candidates of this

kind are SU(5), first proposed by Georgi and Glashow [15], and SO(10), appeared in a paper by

Georgi [16] shortly after the proposal of SU(5). In relation to neutrino mass generation, the GUT

1The particle contents of the Standard Model (SM) and their transformation properties under the SM gauge group
are summarized in Appendix A.

2Here C is used to designate the color charge of quarks and gluons, whose symmetry is represented by the SU(3)
group. L represents the left-handed weak isospin which is associated with the symmetry group SU(2). Y is known
as the hypercharge that has U(1) symmetry.

3The Higgs mechanism was developed from the idea of spontaneous symmetry breaking (SSB). It is used to explain
the mass generation for the SM particles. For a detailed illustration of the Higgs mechanism, refer to [9].
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group SO(10) in particular, was found to encompass the a modest extension of the SM called the

left-right (LR) symmetric model4 [17] due to its additional B − L gauge symmetry5. In the LR

symmetric framework, the right-handed neutrinos and the triplet Higgs are naturally present and

thus can induce active neutrino masses via type-I and type-II seesaw mechanisms.

Due to its interesting nature and potential for providing an economical solution to both issues

of the SM, various LR symmetric seesaw scenarios had been investigated in the past [18, 19, 20]. In

the work by Akhmedov and Frigerio [21], they obtained a simplified LR symmetric seesaw relation

by imposing a discrete LR symmetry, the charge conjugation symmetry, in addition to the gauge

LR symmetry. They demonstrated that this seesaw relation is analytically solvable. The technique

developed in their papers was found to be applicable in various specific models with renormalizable

Yukawa couplings, for example, SO(10) [22]. Albeit its significant implications in model building, it

should be noted that different parameters in the LR symmetric seesaw relation will receive different

loop corrections, i.e. quantum corrections when the renormalization group (RG) evolution runs to

lower energies. Therefore, the discrete LR symmetry must be broken at some energy scale and

below this scale, their results will need to be modified.

Our aim is to study how the quantum corrections up to one loop will alter the LR symmetric

seesaw relation below the discrete LR symmetry breaking scale. As the first step towards this aim,

in this thesis we will inspect the RG evolution of the effective vertex, which is related to the SM

neutrino masses, from the electroweak scale to higher energy scales. In Chapter 2, we will give a

brief overview of the subject matter, including the current experimental states of neutrino masses

and mixings, various proposals for neutrino mass generation, and a concise introduction to the

notion of regularization and renormalization. In Chapter 3, we will first attempt to clarify a few

relevant concepts for the discussion of later parts. Then the seesaw mechanism and the left-right

symmetric model (LRSM), which form the framework of this study, will be introduced. We will also

show the connections between them and how the LR symmetric seesaw relation is obtained. The

importance of the quantum corrections to this model is emphasized at the end and we shall see why

RG analysis is needed. Then in Chapter 4, we will first identify the relevant particles for the RG

evolution from the electroweak scale up to the LR symmetry breaking scale, and argue that the the

quantum corrections in this regime mainly affects the effective operator for the neutrino masses.

Then based on the previous analysis, we will present the results of the one-loop renormalization in

the two Higgs doublet model (2HDM). After obtaining corrections for the relevant renormalization

constants, we will apply them to derive the β-function of the effective coupling, which essentially

determines how the coupling evolves with energy. We will also add the right-handed neutrinos and

the SU(2)L scalar triplet into the model as the first step to go beyond the 2HDM, i.e. to higher

energies, and determine their contributions to the β-function of the effective coupling. At the end,

we will investigate the implication of this β-function to the neutrino mass in general. First, as

we shall, it is associated with the symmetric and antisymmetric parts of β-function. Second, by

examining the structure of the β-function, we can make certain simplifications of it based on some

experimental facts. Finally, in Chapter 5, we will summarize the work that is presented in the thesis

and give an outlook to complete the RG analysis of the LRSM. We again emphasize the importance

of this work in various theoretical and experimental studies.

4It is more modest than a GUT theory in the sense that instead of using a single group that contains the entire SM
gauge group, the LR symmetric model only extends the SM electroweak sector into SU(2)L × SU(2)R × U(1)B−L.

5B is the known as the baryon number, which is defined as one-third of the difference between the number of quarks
and the number of antiquarks. L is the lepton number defined as the difference between the number of the leptons
and the number of antileptons.
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Chapter 2

Survey of the Subject

2.1 Neutrino Masses

2.1.1 Experimental developments in neutrino masses and mixings

The neutrinos, first proposed by Wolfgang Pauli in 1930 [23] and later discovered in the Cowan-

Reines experiment in 1956 [24], are weakly interacting leptons that were suspected to be massless for

a long time, as in the SM. However, the report from the Super-Kamiokande (Super-K) experiment

gave the first compelling piece of evidence for atmospheric neutrino oscillations [10]. A few years

later, the SNO experiment [25, 26] confirmed the solar neutrino oscillations1. More recently, various

long-baseline experiments such as K2K [27] and MINOS [28] also showed consistent observations.

This indicates that the neutrinos must be massive, which can be seen from the transition probability

from a neutrino flavor state α with energy E to the final state β (β 6= α) after traveling a distance

L in vacuum,

P (να → νβ) = |〈νβ|να(t)〉|2 = sin2(2θ) sin2

(
∆m2

12

4E
L

)
, (2.1)

where θ is the mixing angle between the neutrino flavor eigenstates (να, α ∈ {e, µ, τ}) and the

mass eigenstates (νi, i ∈ {1, 2, 3}), which is associated with the Pontecorvo-Maki-Nakagawa-Sakata

(PMNS) matrix2, and ∆m2
12 is the squared difference between the two mass eigenstates. The

mass dependence of the neutrino oscillations is thus manifest in Eq. (2.1). Assuming neutrinos

to be Majorana particles3, that is, if they are their own antiparticles, the PMNS matrix can be

parameterized as [29]:

UPMNS =

 c12c13 s12c13 s13e
−iδ

−s12c23 − c12s13e
iδ c12c23 − s12s13s23e

iδ c12s23

s12s23 − c12s13e
iδ −c12s23 − s12s13c23e

iδ c13c23

×Diag(e−iϕ1/2, e−iϕ2/2, 1), (2.2)

where cij = cos θij , sij = sin θij , δ is the Dirac CP (charge-parity) violating phase and ϕ1, ϕ2 are the

two Majorana CP violating phases. Hence, to characterize neutrino oscillations, we need to deter-

mine the three mixing angles (θ12, θ23, θ13) and the two mass-squared splittings (∆m2
21, |∆m2

31(32)| ).
To date, the sign of the mass-squared splitting ∆m2

21 has been measured but the sign of ∆m2
31 is

still unclear. This results in two different orderings of neutrino mass eigenvalues [1]:

∆m2
21 � (∆m2

32 ' ∆m2
31 > 0); (2.3)

∆m2
21 � −(∆m2

31 ' ∆m2
32 < 0). (2.4)

The first one (2.3) implies m1 < m2 < m3 and is called Normal Ordering (NO). The second one

(2.4) implies m3 < m1 < m2 and is called Inverted Ordering (IO). This is known as the neutrino

mass hierarchy problem. To determine the mass hierarchy is fundamentally important because it has

effects on a wide range of processes in particle physics and cosmology. For example, the observations

1This work, along with the Super-K experiment, was awarded the 2015 Nobel Prize in Physics.
2Analogous to the more familiar Cabibbo-Kobayashi-Maskawa (CKM) matrix that determines the flavor mixing of
quarks, PMNS matrix is the unitary flavor mixing matrix for neutrinos.

3The nature of neutrinos, whether they are Majorana or Dirac fermions, is still unknown. If they are Dirac fermions,
they are not their own antiparticles, just like the other fermions in the SM. In the seesaw mechanism, which is
the only mechanism we consider in this thesis to generate neutrino masses, neutrinos are assumed to be Majorana
fermions.
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2.1. NEUTRINO MASSES

Table 2.1: Global fits of 3-neutrino oscillation parameters based on solar, atmospheric, accelerator and
reactor neutrino analyses. The best-fit values (within 1σ) and 3σ allowed ranges are shown. Note that
∆m2

3l ≡ ∆m2
31 > 0 for NO and ∆m2

3l ≡ ∆m2
32 < 0 for IO. [50]

Parameters
Normal Ordering Inverted Ordering

Best fit (±1σ) 3σ range Best fit (±1σ) 3σ range

sin2 θ12 0.308+0.013
−0.012 0.273→ 0.349 0.308+0.013

−0.012 0.273→ 0.349

sin2 θ23 0.574+0.026
−0.144 0.390→ 0.639 0.579+0.022

−0.029 0.400→ 0.637

sin2 θ13 0.0217+0.0013
−0.0010 0.0187→ 0.0250 0.0221+0.0010

−0.0010 0.0190→ 0.0251

∆m2
21 [10−5eV2] 7.94+0.19

−0.17 7.02→ 8.08 7.49+0.19
−0.17 7.02→ 8.08

∆m2
3l [10−5eV2] +2.484+0.045

−0.048 +2.351→ +2.618 −2.465+0.041
−0.043 −2.594→ −2.339

of the neutral current effects from supernova will depend on the the type of mass hierarchy [30].

The sign of ∆m2
31 also influences the effective neutrino mass term in the neutrinoless double-beta

(0νββ) decay, which is one way to test the possible Majorana nature of the active neutrinos4 [32].

Experimentally, the mixing parameters have been measured by different neutrino oscillation

experiments using different sources in the past decade or so. Currently available data include,

for example, solar observations from Super-K [33, 34, 35], SNO [36, 37], atmospheric results from

Super-K [38, 39], accelerator results from MINOS [40, 41], T2K [42, 43], and reactor results from

KamLAND [44, 45], Daya Bay [46, 47] and RENO [48, 49]. Moreover, the development of global

analyses on these experimental data allow us to obtain upper and lower bounds of these three-

mixing parameters to increasingly higher precision [50, 51]. The most recent bounds from NuFIT

[50] (based on global data in May 2016) are summarized in Table 2.1. The Dirac CP violating phase

is not shown because it is still fully unconstrained, i.e. the value of it can be anywhere between 0

and 2π within the 3σ range. Nevertheless, the preliminary hints from T2K [52] and NOνA [53] that

sin δ < 0 encourages physicists to continue to improve the measurements in future long-baseline

experiments.

Although the mass-squared splittings between the neutrino mass eigenstates were determined

quite accurately from the oscillation experiments, the absolute mass scale of neutrinos remains

largely unknown [54]. Despite this, we know that it is very small from constraints obtained by

various other experiments. For instance, the combination of cosmological probes such as the Lyman-

α (Ly-α) forest power spectrum data from the Baryon Oscillation Spectroscopic Survey (BOSS) and

Planck 2015 cosmic microwave background (CMB) data sets an upper bound for the sum of neutrino

masses, mν ≡
∑

imi < 0.12 eV (95% C.L.) [55]. However, the cosmological constraint is largely

dependent on the specific models that one uses. Another feasible probe for neutrino masses is

the 0νββ experiment if the active neutrinos are assumed to be Majorana fermions, because the

effective Majorana mass mee ≡
∣∣∑

imiU
2
ei

∣∣ is related to mi [56]. Recent 0νββ searches including

the GERDA experiment [57], KamLAND-Zen [58] and EXO-200 [59] gave a limit on the effective

mass, mee ≤ 0.2− 0.4 eV. Furthermore, the least model-dependent probe for the effective electron

(anti-)neutrino mass me ≡
∑

im
2
i |Uei|

2 is the tritium β-decay experiments, currently providing a

limit of me ≤ 2.05 eV (95% C.L.) by the Troitsk experiment[60] and me < 2.3 eV (95% C.L.) by

the Mainz experiment [61]. But this limit is expected to be greatly improved to me ∼ 0.20 eV by

the KATRIN experiment [62] in the near future.

4The term “active” is used here for the SM neutrinos to distinguish it from the sterile neutrinos, which are hypothetical
particles that do not participate in any fundamental interaction in the SM. The sterile neutrinos are also known as
right-handed neutrinos, which can take part in the type-I seesaw mechanism, or serve as a viable candidate for dark
matter [31].
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2.1. NEUTRINO MASSES

2.1.2 Origins of the small neutrino masses

As suggested by the experimental constraints of the neutrino masses mentioned above, the active

neutrinos in the SM have tiny masses. They are in general much lighter than the other fermions

in the SM. To explain the smallness of neutrino masses is yet another interesting open question in

particle physics. Throughout the years, physicists have come up with different theories or models

to explain this puzzle. A recapitulatory but by no means comprehensive list of possible origins of

the small neutrino masses is shown below [54, 63].

• Small coupling constant. In this scenario, neutrinos are postulated to be Dirac fermions and

the right-handed (RH) neutrinos are added to the SM. This then allows for a neutrino-Higgs

Yukawa coupling which translates into the Dirac neutrino mass after the electroweak symmetry

breaking. However, the tiny mass of a neutrino requires a correspondingly tiny Yukawa coupling

compared with those for the other fermions. This small coupling constant can be realized by

positing extra dimensions of spacetime. The simplest way is to supplement the 4-dimensional

spacetime, referred to as “3-brane”, with an extra n-dimensional compact space (n ≥ 2) [64, 65].

The RH neutrinos, along with gravity, reside in the extra-dimensional space, while all the SM

particles are stuck on the 3-brane. This mechanism makes the effective neutrino-Higgs Yukawa

coupling typically small because of the exponentially small overlap of their wavefunctions in

different dimensions. Additionally, instead of being flat, the extra-dimensional space can be

“warped”, which has some distinct features. This is known as the Randall–Sundrum model [66].

• Seesaw mechanisms. In the seesaw scenarios, the neutrinos are Majorana particles and their

masses are generated at the tree level by adding extra heavy particles at high energy scales, as

shown in Fig. 2.1(a). At low energies, these particles get “integrated out”5 and the interactions

can be effectively described by a series of operators with dimensions6 greater than 4. The domi-

nant one is the dimension-5 Weinberg operator L5 ∼ κ`L`Lφφ [68], where `L and φ are the lepton

and Higgs doublets in the SM and κ is the effective coupling that can be written in terms of a

dimensionless coupling λ and some large effective energy scale Λ, κ = λ/Λ. Typically, we can

introduce three kinds of particles that will give rise to the Weinberg operator in the low-energy

limit. In the type-I seesaw mechanism [18, 69, 70, 71, 72], the SM is extended by n generations

of the RH neutrinos NR, which are singlets under the SM gauge group. In the type-II seesaw

mechanism [73, 74, 75, 76], a charged SU(2)L scalar triplet ∆, is added to the SM. And finally,

the type-III seesaw mechanism [77, 78] is very similar to type-I, but with RH fermion triplets ΣR

added. The high-energy seesaw mechanisms avoid the need for minuscule Yukawa couplings, so

they are less ad hoc. They also naturally show up in some GUT models because the mass of the

heavy particles can be generated close to the GUT scale. For example, the type-I and/or type-II

seesaw mechanisms are native in SO(10) GUTs [79, 80] as well as LR symmetric models [19, 81].

The type-III seesaw mechanism can also be implemented in SU(5) theories [78, 82].

• Radiative mass models. While the seesaw mechanisms generate neutrino masses at the tree

level, the radiative models are proposed to be fulfilled at the loop level, that is, at higher orders in

perturbation theory. An example of this is shown in Fig. 2.1(b). Apart from the loop suppression

factor of order (16π2)n, where n is the number of loops needed to generate the Weinberg operator,

the smallness of the neutrino masses is also attributed to the additional couplings between the

active neutrinos and the new particles in the loop [54]. Examples of such models include the

earliest Zee model [83], the Zee-Babu model [85, 84, 86], the scotogenic model [87] etc. A summary

of radiative mass models is presented in this short review [88].

5This reflects the main idea of the Effective Field Theory (EFT) [67], whose principle is to approximate a theory at
a certain energy scale with some effective degrees of freedom, while ignoring the substructure and the degrees of
freedom associated with higher energies, for example, the mass of a heavy particle in the low-momentum limit.

6“Dimension” refers to the mass dimension. The dimension of a Lagrangian density in a four-dimensional spacetime
is 4 because an action is dimensionless. Therefore, a bosonic field has dimension of 1 and a fermionic field has a
dimension of 3/2.
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2.2. RENORMALIZATION

NR

`L

φ

φ

`L

(a) tree level

NR

η η

`L `L

φ φ

(b) loop level

Figure 2.1: Illustrations of generating neutrino masses at the tree and loop levels. (a). In the type-I seesaw
mechanism, the neutrino mass is generated with the tree-level exchange of a RH neutrino NR. (b). In the
scotogenic model, neutrino masses are generated radiatively by introducing the RH neutrinos NR and an
extra Higgs doublet η.

• Other possibilities. While any of the postulates introduced above may be realized individually,

some of them can be realized simultaneously. Moreover, there can be other mechanisms too. For

example, in the case of Majorana neutrinos, the most popular ones are the high-energy seesaw

mechanisms, where the lepton number is violated. However, some low-energy approaches with

approximate lepton number conservation are also viable to produce tiny neutrino masses [89, 90].

There are also proposals that link radiative neutrino masses with dark matter [91, 92].

2.2 Renormalization

The seesaw mechanisms for neutrino mass generation are high-energy theories that cannot be di-

rectly probed by current experiments. They give predictions that are valid at some high energy

scale, which will be altered as we go to low energies, at which the experimental data are taken.

As argued in Chapter 1, quantum corrections need to be taken into account for the seesaw models

when we vary the energy scale. The evolution of these quantum corrections in the seesaw param-

eters with energy can be described by the renormalization group equations (RGEs), which are the

main objectives of study in this work.

The technique called renormalization is used to deal with divergent integrals that show up when

evaluating Feynman diagrams with loop corrections. The first renormalization method for quan-

tum electrodynamics (QED) was developed in the late 1940s by Tomonaga [93], Schwinger [94, 95],

Feynman [96] etc. It was proved later that QED is renormalizable at all loop orders, that is, all diver-

gences in QED can be canceled with a finite number of counterterms in renormalization [97]. This is

known as the Bogoliubov-Parasiuk-Hepp-Zimmermann (BPHZ) theorem. Furthermore, in the early

1970s, ’t Hooft proved the renormalizability of massless gauge fields [98] as well as massive gauge

fields due to spontaneous symmetry breaking [99]. The second result in particular had a profound

impact on the GWS theory, which was initially ignored due to concerns of renormalizability.

The basic idea of renormalization is to eliminate the divergences in a theory by replacing the

“bare” quantities by the finite “renormalized” quantities via some rescalings. These bare quantities

contain the divergences but are not directly observable. The renormalized ones are used to extract

the physical quantities, so they must be finite. A systematic way of renormalization usually con-

tains two procedures, regularization, which makes a divergent integral convergent by introducing

an additional parameter called regular, and renormalization, which is the process to remove the

divergence as we remove the regulator from our theory. To illustrate the general processes, we take

the one-loop correction with the Higgs self-coupling as an example. This is similar to the well-known

φ4 theory from QFT. First, we write down the vertex function corresponding to this diagram,

iΣφδba =
p−→ p−→

φc

k←−

φa φb =
3

2
δbaλ

∫
d4k

(2π)4

1

k2 −m2 + iε
, (2.5)
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2.2. RENORMALIZATION

where 3
2 arises as a symmetry factor due to the SU(2) structure and λ is the Higgs self-coupling

strength. A common trick to help evaluate such an integral is the Wick rotation7, which takes the

substitution k0 → ik0
E . The spatial components of k stay the same but let us rename them as

kiE ≡ ki, where i = 1, 2, 3. Now we have

k2 = (k0)2 − (ki)2 → −(k0
E)2 − (kiE)2 = −k2

E , (2.6)

where kE is called the Euclidean momentum because the Wick rotation essentially corresponds to a

transformation from the Minkowski space to the Euclidean space. Without needing to bother with

the original poles in the denominator of the integrand, we now can rewrite the vertex function as

iΣφ = −i3
2
λ

∫
d4kE
(2π)4

1

k2
E +m2

= −i 3

32π4
λ

∫
dΩ4

∫ ∞
0

dkE
k3
E

k2
E +m2

= −i 3

32π2

[
k2
E −m2 ln

(
k2
E +m2

)]∞
0
,

(2.7)

where we have introduced the spherical coordinates and used the surface area of the Euclidean

4-sphere
∫

dΩ4 = 2π2. In the last step, it can be clearly seen that the integral is ultraviolet (UV)

divergent. Therefore, to calculate such a diagram, we first need to regularize it.

2.2.1 Regularization methods

The purpose of regularization is to tame a divergent integral by introducing an auxiliary parameter

called regulator. A regulator is merely a tool to make such an integral convergent and the final

physical results should be independent of it. In different regularization methods, different regulators

are employed. For example, the simplest way to make UV divergent integrals well-behaved is by

imposing a hard cutoff Λ as the upper limit of the integration. This cutoff is often interpreted as

the scale above which the physics becomes irrelevant. However, imposing a hard UV cutoff will

violate all the gauge symmetries and the Lorentz symmetry. Therefore, it is not suitable for gauge

theories. Alternatively, one can introduce one or multiple ghost particles which are much heavier

than the other particles in the theory. This method is called the Pauli-Villars regularization [100].

These ghost particles are unphysical because they have wrong spin-statistics. So they are just a

mathematical tool invented to cancel the divergences in the loop integrals of the physical particles

at asymptotically large momenta. But this method quickly becomes unfeasible when a large number

of such fictitious particles are needed for higher-order corrections.

The dimensional regularization (DR) method proposed by ’t Hooft and Veltman [101] is perhaps

the most popular scheme in modern applications. It utilizes the fact that some integrals such as

the one in Eq. (2.7) diverge in d = 4 dimensions but converge in d < 4. Therefore, we first evaluate

the integral in the dimension of d = 4 − ε. After renormalization, the regulator is removed by

analytically continuing to d = 4, i.e. taking ε→ 0. Moreover, to keep the coupling dimensionless by

convention, one often introduces an arbitrary mass scale µ and replace λ by µελ in d dimensions.

The technical details about DR can be found in Appendix B. Here we simply jot down the result

for our example:

iΣφ =
3

2
µελ

∫
ddk

(2π)d
1

k2 −m2 + iε
= i

3

32π2
λm2

[
2

ε
+ ln

4πµ2

m2
− γE + 1 +O(ε)

]
, (2.8)

We see that by performing the DR, the divergent term, 1
ε , is separated from the other finite terms.

The terms of order ε and higher are irrelevant because they vanish as ε→ 0. Moreover, as we will

see, DR makes the renormalization process very simple. Thus, in this thesis, we will stick to the

DR method.

7In Wick rotation, we assume that integrating over the real axis is equivalent to integrating over the imaginary axis.
This is justified by the Cauchy’s integral theorem in complex analysis.
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2.2. RENORMALIZATION

2.2.2 Renormalization schemes

In the renormalization process, we define a series of renormalized quantities with different renormal-

ization constants. The divergent parts isolated by regularization are then subtracted and absorbed

into the renormalization constants. For our example, a way to define the relations between the bare

quantities (labelled with subscript B) and the renormalized ones (with no label) in d dimensions is

φB = Z
1/2
φ φ (2.9a)

m2
B = Z−1

φ (m2 + δm2) (2.9b)

λB = µεZ−2
φ Zλλ, (2.9c)

where the renormalization constants Zφ, δm2 and Zλ contain the divergences. Sometimes δm2 is

also called the mass counterterm. To one-loop order, we can expand the renormalization constants

as

Zi = 1 + δZi, (2.10)

where Zi (i = φ, λ) are the field and coupling counterterms. In the perturbative renormalization

theory, these counterterms appear as interactions in the Lagrangian with defined Feynman rules.

There are a few common renormalization, or subtraction schemes used to determine the renor-

malization constants. The first one is called the on-shell scheme. In this scheme, we identify the

renormalized mass as the physical mass of the particle, which is the pole of the renormalized propa-

gator. Then the finite parts of the counterterms are chosen to meet this requirement. The next one

is the minimal subtraction (MS) scheme [102, 103] and is particularly useful when used along with

DR. The counterterms under this scheme are defined to cancel only the divergences. To see this, let

us look at the renormalized Higgs 2-point Green function. At the one-loop level, if we consider the

Higgs self-coupling as the only correction, then the renormalized 2-point function can be written as

a sum of the bare propagator, the bare one-loop correction, and the 2-point counterterm:

φ φ
=

φ
+

φ φ

φ

+
φ φ

= i+ iΣφ + i(p2δZφ − δm2)
!

= UV finite,

(2.11)

where in the second line we have written down the vertex function for each diagram and the last

term comes from the Feynman rule (see Appendix C). The first term is finite. Therefore, in the MS

scheme, the counterterm are to cancel the divergent part of iΣφ:

p2δZφ − δm2 +
3

16π2
λm2 1

ε
= 0, (2.12)

which gives

δZφ = 0, δm2 =
3

16π2
λm2 1

ε
. (2.13)

In a similar fashion, we can determine the counterterm δZλ by considering the 4-point Green

functions. As we see, the MS scheme is very efficient once the divergent part of a diagram has been

isolated via DR. Another feature of it is that the renormalization constants are independent of the

renormalization scale, making it more suitable for the renormalization group evolution. Due to its

advantages, we will use the MS scheme for renormalization in this thesis.

Another widely used scheme is the modified minimal subtraction (MS) scheme [104], which is

just a variant of the MS scheme. In this scheme, in addition to the divergent part of Eq. (2.15), the

finite term (ln 4π − γE) is also subtracted because they always show up in the divergent integrals.
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2.2. RENORMALIZATION

2.2.3 Renormalization group equations

One of the most important realizations from renormalization is that the renormalized quantities

such as masses and couplings depend on the renormalization scale8, while the bare quantities do

not. This means that a change of renormalization scheme does not change a theory itself but only

the values of its renormalized parameters. The evolution of the renormalized parameters with the

renormalization scale, governed by the RGEs, is called running and has practical implications in

comparing theoretical predictions and experimental results. The idea of renormalization group (RG)

running was first envisioned in the 1950s [105, 106]. Its application in particle physics was later

found in the early 1970s through the work of Callan [107] and Symanzik [108].

To derive the RGEs, we first consider the n-point Green function for the Higgs field φ, with

mass m and self-coupling λ. In momentum space, the bare Green function is given by

G
(n)
B ({pi}, λB,mB, ε) ≡ 〈0|T[φB(p1) · · ·φB(pn)]|0〉 , (2.14)

where T is the time-ordering operator of the fields and |0〉 is the vacuum state of the theory. The

parameter ε implies the use of DR, which allows for an arbitrary dimension of spacetime. Using the

wavefunction renormalization given by (2.9a), the relation between the renormalized Green function

and the bare one is simply given by

G
(n)
B ({pi}, λB,mB, ε) = Z

n/2
φ G(n)({pi}, λ,m, ε, µ), (2.15)

where the renormalized Green function is defined in terms of the renormalized fields,

G(n)({pi}, λ,m, ε, µ) ≡ 〈0|T[φ(p1) · · ·φ(pn)]|0〉 . (2.16)

Since the bare quantities remain constant as we alter the renormalization scale µ, the bare Green

function is independent of µ. Therefore, taking the total derivative of the left hand side of Eq.

(2.15) with respect to lnµ gives zero,

d

d lnµ
G

(n)
B ({pi}, λ,m, ε) = µ

d

dµ
G

(n)
B ({pi}, λ,m, ε) = 0. (2.17)

On the other hand, the renormalized quantities depend on the renormalization scale, and the total

derivative of the renormalized Green function with respect to lnµ can be written in terms of partial

derivatives using the chain rule. Then Eqs. (2.15) and (2.17) together imply[
µ
∂

∂µ
+ β

∂

∂λ
− γmm

∂

∂m
+
n

2
γ

]
G(n)({pi}, λ,m, ε, µ) = 0. (2.18)

This is known as the Callan-Symanzik equation. It contains a set of renormalization group equations

β ≡ µ
dλ

dµ
, (2.19a)

γm ≡ − 1

m
µ

dm

dµ
, (2.19b)

γ ≡ 1

Zφ
µ

dZφ
dµ

, (2.19c)

where β is called the β-function for the coupling and γm, γ are referred to as the anomalous

dimensions of the mass and the field, respectively. These RGEs describe the running of all the

renormalized parameters in our example.

8In dimensional regularization, this scale is implicitly set by the dimensionful parameter µ. See Section 2.2.1.
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Chapter 3

General Framework

3.1 Fermion Mass Terms

3.1.1 Helicity and chirality

In previous chapters, we referred to the “handedness” of particles (e.g. right-handed neutrinos)

without explaining what it really means. There are generally two concepts used to describe the

handedness of a particle, helicity and chirality.

The helicity of a particle is the projection of its angular momentum onto its momentum. The

total angular momentum of the particle is the sum of the orbital angular momentum and the spin

angular momentum, with the orbital angular momentum given by ~L = ~r × ~p. Since the orbital

angular momentum ~L is perpendicular to the 3-momentum ~p, it does not contribute to helicity.

Therefore, the helicity of a particle can be defined as the normalized component of its spin angular

momentum ~S along the direction it travels,

Hp ≡
~S · ~p
|~p|

. (3.1)

For instance, the two possible helicity states for a spin-1/2 fermion are called left-handed (LH) and

right-handed (RH) helicity states, corresponding to Hp = −1/2 and Hp = +1/2, respectively. For

a free particle, helicity is conserved because it can be shown that the helicity operator commutes

with the free Hamiltonian operator [109]. However, helicity is not a Lorentz-invariant quantity for

massive particles. This can be easily demonstrated by considering a massive fermion whose spin

aligns with its momentum in the initial reference frame of an observer. In this frame, Hp = +1/2.

If we now Lorentz boost the observer to a reference frame that moves faster than the fermion,

the particle is now moving in the opposite direction from the observer’s perspective. Then the

momentum direction is reversed. Since the spin of the fermion does not change, this results in an

opposite helicity, Hp = −1/2. For massless particles, helicity is Lorentz invariant because there is

no such a boost that can make a reference frame move faster than the speed of light.

On the other hand, chirality is a Lorentz invariant quantity for all particles. It is determined

by whether a particle transforms in a LH or RH representation of the Lorentz group. For a four-

component spinor, the chirality of it is associated with the matrix γ5, sometimes called the chirality

matrix, which is defined as

γ5 ≡ iγ0γ1γ2γ3, (3.2)

where γ0, γ1, γ2 and γ3 are the conventional 4× 4 γ-matrices in the Clifford algebra. A few useful

properties of the γ5 matrix include: (
γ5
)†

= γ5; (3.3a)(
γ5
)2

= 1; (3.3b){
γ5, γµ

}
= 0. (3.3c)

The chiral projection operators for the fermion fields are defined as

PL ≡
1− γ5

2
, PR ≡

1 + γ5

2
. (3.4)

10



3.1. FERMION MASS TERMS

They project out the LH and RH chiral components of a fermionic spinor ψ, respectively:

ψL = PLψ, ψR = PRψ. (3.5)

Some typical properties of the projection operators are:

P 2
L = PL, P 2

R = PR; (3.6a)

PLPR = PRPL = 0; (3.6b)

PL + PR = 1. (3.6c)

In summary, chirality and helicity are two different concepts. Chirality is a more intrinsic

property of particles in the sense that it does not depend on the reference frame (i.e. Lorentz

invariant), while helicity does. So we will use chirality to refer to a particle’s handedness in this

thesis. However, they can be used interchangeably for massless particles.

3.1.2 Particle-antiparticle conjugation and charge conjugation

Another two important concepts that the literature is replete with but are often carelessly treated

are the particle-antiparticle conjugation and charge conjugation, as suggested in [110]. As we will

see, although these two operators have the same effect on fermions that have both LH and RH

components, they are not equivalent when acting on chiral fields. So we should distinguish them to

avoid confusions.

Let us first look at the particle-antiparticle conjugation operator C. Under its operation, a

fermion field ψ and its Dirac adjoint ψ transform as

C : ψ −→ ψc ≡ CψT = −γ0Cψ∗, (3.7a)

C : ψ −→ ψc = Cψ
T

= −ψTC†, (3.7b)

where C is the charge conjugation matrix satisfying

C† = CT = C−1 = −C, (3.8a)

CγTµC
−1 = −γµ. (3.8b)

In the standard representation, C = iγ2γ0, and thus ψc = iγ2ψ∗. To grasp the physical meaning of

the operator C, we first consider its effect on a quantized Dirac field, whose mode expansion can be

written as

ψ(x) =

∫
d3p

(2π)3
√

2Ep

2∑
s=1

[
cs(~p)us(~p)e

−ip·x + d†s(~p)vs(~p)e
ip·x
]
, (3.9)

where cs(~p) is the annihilation operator of particles, d†s(~p) is the creation operator of antiparticles

and s is the spin of the field. Similarly, the Dirac adjoint of this field is quantized as

ψ(x) =

∫
d3p

(2π)3
√

2Ep

2∑
s=1

[
c†s(~p)us(~p)e

ip·x + ds(~p)vs(~p)e
−ip·x

]
. (3.10)

By explicit calculation, one can shown that the basis spinors in the mode expansions satisfy the

following identities

CuTs (~p) = vs(~p), (3.11a)

CvTs (~p) = us(~p). (3.11b)
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3.1. FERMION MASS TERMS

Then if we implement the particle-antiparticle conjugation using a unitary operator Uc (with U †c =

U−1
c ) and ignoring the phase factor for simplicity,

Ucψ(x)U †c = ψc(x) = Cψ
T

(x), (3.12)

the field ψ(x) with mode expansion (3.9) transforms as

Ucψ(x)U †c =

∫
d3p

(2π)3
√

2Ep

2∑
s=1

[(
Uccs(~p)U

†
c

)
us(~p)e

−ip·x +
(
Ucd

†
s(~p)U

†
c

)
vs(~p)e

ip·x
]

=

∫
d3p

(2π)3
√

2Ep

2∑
s=1

[(
Uccs(~p)U

†
c

)
CvTs (~p)e−ip·x +

(
Ucd

†
s(~p)U

†
c

)
CuTs (~p)eip·x

]
= C

∫
d3p

(2π)3
√

2Ep

2∑
s=1

[(
Uccs(~p)U

†
c

)
vs(~p)e

−ip·x +
(
Ucd

†
s(~p)U

†
c

)
us(~p)e

ip·x
]T

!
= Cψ

T
(x),

(3.13)

where we have used the identities (3.11a) and (3.11b) in the second line and the transpose in the

third line only acts on the spinor space. Then comparing with Eq. (3.10), we see that the last

equality holds if and only if

Uccs(~p)U
†
c = ds(~p), (3.14a)

Ucd
†
s(~p)U

†
c = c†s(~p). (3.14b)

Therefore, the particle-antiparticle conjugation interchanges the annihilation and creation operators

of particles and their own antiparticles. This is exactly what its name suggests.

But this is not the whole story. If we consider the left-handed component of a fermion field

ψ, which is projected out by the chiral projection operator PL, and apply the particle-antiparticle

conjugation operator C to it, we can show that

(ψL)c = C
(
PLψ

)T
= PRψ

c ≡ (ψc)R, (3.15)

where we need to use Eqs. (3.3a) and (3.3c). Similarly, if we apply the operator C to the right-handed

component, we obtain

(ψR)c = (ψc)L. (3.16)

We therefore see that this operator also changes the chirality, i.e. it turns a LH spinor field into a RH

spinor field and vice versa. As a result, under the particle-antiparticle conjugation, the antiparticle

of a LH fermion is RH, and vice versa.

On the other hand, the charge conjugation operator C interchanges particles and their own

antiparticles without changing the chirality. When acting on chiral fermion fields, it is defined as

C : ψL −→ ψ̂L ≡ (ψc)L, (3.17a)

C : ψR −→ ψ̂R ≡ (ψc)R. (3.17b)

Hence, we see that under the charge conjugation, the antiparticle of a LH fermion remains LH, and

the antiparticle of a RH fermion remains RH. For a massive fermion which contains LH and RH

components, the particle-antiparticle conjugation C and the charge conjugation C coincide:

C : ψ = ψL + ψR −→ (ψ)c = (ψL)c + (ψR)c = (ψc)R + (ψc)L, (3.18a)

C : ψ = ψL + ψR −→ ψ̂ = ψ̂L + ψ̂R ≡ (ψc)L + (ψc)R. (3.18b)

Hence, often in the literature, they are used interchangeably.
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3.1.3 Dirac and Majorana mass terms

Now we are ready to write the the fermion mass terms. Recall from QFT that the Dirac Lagrangian

for a free massive fermion is

L = ψ(iγµ∂µ −m)ψ, (3.19)

which leads to the famous Dirac equation. For a general fermion field with left- and right-chiral

components, the mass term of this Lagrangian can be written as

Lm = −mψψ = −m(ψL + ψR)(ψL + ψR)

= −m
(
ψLψL + ψRψR + ψLψR + ψRψL

)
.

(3.20)

Using the properties of the γ5 matrix and the projection operators listed in Sec. 3.1.1, one can show

ψL = PLψL = ψLPR. (3.21)

Then the term ψLψL becomes

ψLψL = ψL PRPL︸ ︷︷ ︸
=0

ψL = 0. (3.22)

Similarly, ψRψR = 0. Thus, only the cross terms survive and the fermion mass term is simplified to

Lm = −m(ψLψR + ψRψL). (3.23)

There are two different types of mass term that can arise from Eq. (3.23). First, if the RH

component of the fermion field is completely independent of the LH one, this is a Dirac field. A

Dirac mass term has exactly the same form as Eq. (3.23):

LD = −mD(ψLψR + ψRψL). (3.24)

Second, if the RH component is related to the LH one by the particle-antiparticle conjugate (C),

ψR = (ψL)c = (ψc)R, (3.25)

or

ψ = ψL + (ψc)R = ψL + (ψL)c. (3.26)

In this case, such a field is called a Majorana field, which is constructed via only one chiral field

ψL. Similarly, one can also construct a Majorana field via the RH field ψR only:

ψ = ψR + (ψc)L = ψR + (ψR)c. (3.27)

Then it immediately follows from Eqs. (3.26) and (3.27) that the particle-antiparticle conjugate of

a Majorana field coincide with itself:

ψc = ψ. (3.28)

This is known as the Majorana condition. It implies that Majorana fermions must be neutral

because they are their own antiparticles. In order to simplify the notation, we define

ψcL ≡ (ψL)c, ψcR ≡ (ψR)c. (3.29)

Then the most general Majorana mass term can be written as

LM = −1

2
mL(ψcLψL + ψLψ

c
L)− 1

2
mR(ψcRψR + ψRψ

c
R). (3.30)

For n fermion flavors (n > 1), the fields ψL and ψR are vectors in the flavor space and the masses

mD, mL and mR are all n× n matrices. In general, the matrices are non-diagonal, which leads to
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flavor mixings (e.g. neutrino oscillations), and complex. The only restriction is that the Majorana

matrices must be symmetric. Since the Lagrangian is a scalar, we have, for example,

ψcLmLψL
!

= (ψcLmLψL)T
(3.7b)

= (−ψTLC†mLψL)T = ψTLC
∗mT

LψL = ψcLm
T
LψL, (3.31)

where we have used the anticommutation property of fermion fields. This then leads to mT
L = mL.

And similarly, mT
R = mR. In the most general case, the Dirac and Majorana mass terms can be

present at the same time, so the general fermion mass term is a combination of (3.24) and (3.30).

3.2 Seesaw Mechanisms

As discussed in Chapter 2, the seesaw mechanism provides a natural and attractive explanation

for the small active neutrino masses because it is simple and is potentially associated with some

high-energy theories such as GUTs and LR symmetric models. It also offers a simple explanation

for the observed baryon asymmetry in our universe - baryogenesis via leptogenesis [112].

The basic idea of the seesaw mechanism is to extend the SM with some heavy particle(s) as-

sociated with an energy scale called the seesaw scale, usually of order 1014-1016 GeV [111]. This

is much higher than the electroweak scale vEW ' 246 GeV, at which all the other fermions in the

SM obtain their masses via the Higgs mechanism. At low energies, the active neutrino masses are

suppressed by the heavy mass and therefore small.

The simplest way to realize the seesaw mechanism is by adding to the SM the RH neutrinos

NR ∼ (1, 1, 0), which are singlets under SU(3)C and SU(2)L and have hypercharge Y = 0. Assuming

they are Majorana fermions, both the Majorana mass term and the Dirac-type Yukawa couplings

are allowed in the Lagrangian

L ⊃ −1

2
N c
RMNNR −

1

2
NRMNN

c
R −NR yN φ̃

†`L − `Lφ̃ y†NNR, (3.32)

where MN is the Majorana mass matrix of the RH neutrinos, yN is the Yukawa coupling matrix and

φ̃ ≡ iτ2φ
∗, with τ2 being the second Pauli spin matrix. After electroweak symmetry breaking, the

neutral component of the Higgs doublet obtains a vacuum expectation value (VEV). In the unitary

gauge, it can be written as 〈
φ̃
〉

= iτ2

(
0

v

)
=

(
v

0

)
, (3.33)

where v ≡
(
1/
√

2
)
vEW ' 174 GeV. Then the Yukawa couplings in (3.32) turn into the Dirac mass

terms for neutrinos and the whole neutrino mass term can be written as

Lm = −1

2

(
νcL NR

)( 0 mD

mT
D MN

)(
νL
N c
R

)
+ h.c., (3.34)

where

mD = v · yTN (3.35)

is the Dirac mass matrix for neutrinos. So the complete neutrino mass matrix is

M =

(
0 mD

mT
D MN

)
. (3.36)

Block-diagonalization of this matrix leads to two eigenvalues [113]:

m1 ' −mDM
−1
N mT

D, (3.37a)

m2 ' MN , (3.37b)
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3.2. SEESAW MECHANISMS

where it is assumed that the eigenvalues of MN are much larger than those of mD because the

RH neutrinos are heavy, so only the terms up to O(mD/MN ) are kept. The mass matrix m1 is

much smaller than m2 due to the inverse power of MN . Consequently, the eigenvalues of m1 should

serve the purpose of the mass eigenvalues of the light active neutrinos, while the eigenvalues of m2

correspond to those of the heavy RH neutrinos and are associated with the seesaw scale. This is

known as the type-I seesaw mechanism. The type-I seesaw relation is therefore given by Eq. (3.37a):

mν = −mDM
−1
N mT

D = −v2yTNM
−1
N yN , (3.38)

The other way to obtain the seesaw relation (3.38) is to derive the effective Lagrangian for

type-I seesaw model. The effective field theory (EFT) provides a useful tool to approximate a full

high-energy theory at low energy scales by “integrating out” the degrees of freedom associated with

higher energies. Perhaps the best-known example of an EFT is the 4-Fermi theory for the β-decay:

n→ p+ e− + νe. (3.39)

In the 1930s, in order to describe this phenomenon, Fermi first proposed a model with an interaction

term involving only the 4 particles in the β-decay,

LF = GFψpψnψeψν , (3.40)

where GF is now known as the Fermi constant, which can be extracted from experiments. This

simple model had great phenomenological success, for example, in predicting the β-decay rate.

Today, we know from the SM that this decay arises from the weak interaction, which is mediated

via the exchange of a W− boson between an u-d pair and an e-νe pair. Therefore, the 4-Fermi theory

can be regarded as an effective description of this more fundamental interaction at energies much

lower than the W boson mass (∼80 GeV). In this effective field theory, the W boson is integrated

out and the interaction is described by an effective Lagrangian (3.40).

Similarly, the RH neutrinos can be integrated out when we consider the active neutrino masses,

which are generated at an energy scale much lower than the seesaw scale. One way to integrate out

the RH neutrinos is to use the Euler-Lagrange equation1

∂L

∂ψ
− ∂µ

(
∂L

∂(∂µψ)

)
= 0 (3.41)

to derive the equations of motion for both NR and NR from the original Lagrangian (3.32). Then NR

and NR can be written in terms of the other fields (`L, φ etc.). When putting these two expressions

back into (3.32), we arrive at an effective Lagrangian without the RH neutrino fields [68]

Lκ =
1

4
κβα`

c
L

β

c εcdφd `
α
Lbεbaφa + h.c., (3.42)

where ε ≡ iτ2, a, b, c, d are SU(2) indices, α, β are lepton flavor indices, and κ is the effective

coupling defined by

κ ≡ 2yTNM
−1
N yN . (3.43)

The effective Lagrangian (3.42) is the well-known dimension-5 Weinberg operator that gives the

active neutrinos νL Majorana masses after electroweak symmetry breaking. This is easy to see.

Again, when the Higgs doublet gets a VEV v, the effective Lagrangian becomes

Lκ =
1

2

(
v2

2
κ

)
νcLνL + h.c., (3.44)

1The process of integrating out the heavy particles can also be easily understood from Feynman diagrams, from which
we can derive the effective coupling. Appendix C summarizes this approach for the type-I and II seesaw mechanisms.
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3.2. SEESAW MECHANISMS

which is exactly a Majorana mass term for νL [cf. Eq. (3.30)]. Therefore, the active neutrino mass

matrix is given by

mν = −v
2

2
κ = −v2yTNM

−1
N yN , (3.45)

which is the same as Eq. (3.38). We have retrieved the type-I seesaw relation from the effective

field theory analysis.

Apart from the type-I seesaw mechanism, where the RH neutrinos have been added into the SM,

we can also consider the SM extended by a charged SU(2)L scalar triplet ∆ ∼ (1, 3, 2) with mass

M∆, which will generate the same dimension-5 Weinberg operator in the low-energy limit. This

is called the type-II seesaw mechanism. In the SU(2) adjoint representation, using the Pauli spin

matrices τ i, this triplet can be written as [114]

∆ =
τ i∆i

√
2

=

(
∆+/
√

2 ∆++

∆0 −∆+/
√

2

)
, (3.46)

where

∆0 ≡
(
∆1 + i∆2

)
/
√

2, ∆+ ≡ ∆3, ∆++ ≡
(
∆1 − i∆2

)
/
√

2. (3.47)

The addition of this particle gives rise to additional terms in the Lagrangian. For example, it can

interact with the SM Higgs doublet, which is characterized by the coupling Λ,

L∆,φ = −Λ
(
φT iτ2∆†φ

)
+ h.c. (3.48)

It also induces a Yukawa interaction with the lepton doublets, which has the Yukawa coupling f∆,

L∆,`L = −f∆

(
`TLCiτ2∆`L

)
+ h.c. (3.49)

Therefore, with the relevant Lagrangian of the SU(2)L triplet

L∆ ⊃ −M2
∆ Tr

(
∆†∆

)
− Λ

(
φT iτ2∆†φ

)
− f∆

(
`TLCiτ2∆`L

)
+ h.c., (3.50)

we can derive the equation of motion for ∆ from Eq. (3.41) and re-express it in terms of other

fields, similar to what is done for the type-I seesaw mechanism. Then putting this expression back

into (3.50), we arrive at the same effective operator (3.42), with the effective coupling defined as

κ = −2
Λ

M2
∆

f∆. (3.51)

After electroweak symmetry breaking, the mass matrix for the active neutrinos is then given by

mν = −v
2

2
κ =

(
Λv2

M2
∆

)
f∆. (3.52)

This is the type-II seesaw relation. Again, the active neutrino masses are suppressed by the heavy

triplet M∆ and thereby small. The seesaw relation (3.52) can be slightly simplified by recognizing

the term in the bracket is exactly the VEV of the neutral component of the triplet (v∆) after

symmetry breaking, which results from its interaction with the SM Higgs, as described by the

Lagrangian (3.48). Then the type-II seesaw relation can be simply written as

mν = v∆f∆. (3.53)

There is one more way to achieve the effective Weinberg operator with introducing only one

new particle species. We can extend the SM by the SU(2)L fermion triplets ΣR ∼ (1, 3, 0). This is

called the type-III seesaw mechanism. Since the type-III seesaw cannot be embedded in the minimal
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3.3. LEFT-RIGHT SYMMETRY

left-right symmetric model that will be discussed in Section 3.3, we will not dive into the details

of it. However, it should be noted that these three types of seesaw mechanism are not isolated

from each other. Some combination of them can be present in the same context. For example, in

the “hybrid seesaw mechanism” [115, 116], which is based on the SU(5) GUT, both the type-I and

type-III seesaw mechanism contribute to the neutrino masses because the corresponding particles

live in the same adjoint representation of SU(5).

3.3 Left-Right Symmetry

The particle content of the SM tells us that the LH fields are SU(2)L doublets, while the RH fields

are SU(2)L singlets, which do not change under SU(2) transformations. It reflects the fact that

the weak interaction is chiral, i.e. only the LH particles play a role in the weak interaction. This

immediately tells us that parity is violated in the weak interaction, which was first demonstrated by

the β-decay experiment of 60Co about 60 years ago [117]. However, due to its various drawbacks,

the SM may not be the complete theory of nature, but rather an effective theory valid below a

certain energy scale. From this perspective, parity may be a fundamental symmetry in a complete

theory beyond the SM but is broken at low energies. The left-right symmetric model (LRSM)

[118, 119, 120, 121] turns out to be an appealing extension of the SM that can restore parity.

Therefore, the LRSM gives a natural explanation for parity violation in the weak interaction, which

cannot be explained by the SM itself. Indeed, the parity consideration was originally one of the

most important motivations for studying the LRSM. The other motivation comes from the fact that

it is naturally linked to the SO(10) GUTs and can serve as an intermediate symmetry breaking step

from SO(10) to the SM gauge group [17]. The minimal LRSM is of our particular interest in this

project because it is intimately related to neutrino mass generation. As will be shown below, both

the type-I and II seesaw mechanisms are naturally embedded in this framework.

3.3.1 Gauge left-right symmetry

In the minimal LRSM, the complete gauge group is given by

GLR = SU(3)C × SU(2)L × SU(2)R × U(1)B−L. (3.54)

Comparing this gauge group with the SM gauge group GSM = SU(3)C × SU(2)L × U(1)Y , we see

that in the LRSM, an SU(2) gauge group for the right-chiral fields is added and the U(1) symmetry

is associated with the baryon number minus the lepton number (B−L) instead of the hypercharge

(Y ). As this gauge group suggests, in the fermion sector, both the LH and RH fermions are doublets

in the SU(2) representation, which can be written as

QL,R =

(
u

d

)
L,R

, `L,R =

(
ν

e

)
L,R

, (3.55)

where Q stands for the quark doublets and ` stands for the lepton doublets. In a shorthand notation,

neglecting the SU(3)C part, we write

QL ∼ (2, 1, 1
3), QR ∼ (1, 2, 1

3); (3.56a)

`L ∼ (2, 1,−1), `R ∼ (1, 2,−1), (3.56b)

where the three numbers are the quantum numbers of SU(2)L, SU(2)R and U(1)B−L, respectively.

For example, the LH quark doublet QL transforms as a doublet under SU(2)L, a singlet under

SU(2)R and has B − L quantum number of 1/3. In this model, the RH neutrinos are naturally

present, living in the SU(2)R doublets `R. The Higgs sector, on the other hand, contains a bi-
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3.3. LEFT-RIGHT SYMMETRY

doublet Φ ∼ (2, 2, 0) and two SU(2)L,R triplets2, ∆L ∼ (3, 1, 2) and ∆R ∼ (1, 3, 2) [122]. They can

be represented by matrices:

Φ =

(
φ0

1 φ+
2

φ−1 φ0
2

)
, ∆L,R =

(
∆+/
√

2 ∆++

∆0 −∆+/
√

2

)
L,R

. (3.57)

There also exist the SU(2)R gauge bosons W i
Rµ (i = 1, 2, 3) and a U(1)B−L gauge boson Aµ, in

addition to the SU(2)L gauge bosons W i
Lµ in the SM. They are strictly massless before spontaneous

symmetry breaking.

To demonstrate how the seesaw mechanisms are embedded in this model, we consider the fol-

lowing Yukawa interactions in the Lagrangian [123],

LY = −1

2
fL(`TLCiτ2∆L`L)− 1

2
fR(`cTR Ciτ2∆R`

c
R)−y1(`TLCτ2Φ̃τ2`

c
R)−y2(`TLCτ2Φτ2`

c
R)+h.c., (3.58)

where `L and `cR ≡ C`R
T

are the SU(2)L and SU(2)R lepton doublets3, respectively, and Φ̃ ≡
τ2Φ∗τ2. The first two terms in the Lagrangian correspond to the Majorana-type Yukawa couplings

between the lepton doublets and the Higgs triplets ∆L,R, while the last two terms correspond to

the Dirac-type Yukawa couplings between the lepton doublets and the Higgs bi-doublets Φ and Φ̃.

The LRSM undergoes spontaneous symmetry breaking twice [76], which can be summarized as

SU(2)L × SU(2)R × U(1)B−L
〈∆R〉−−−→ SU(2)L × U(1)Y

〈Φ〉,〈∆L〉−−−−−→ U(1)EM . (3.59)

The SU(3)C gauge group remains intact during both stages of symmetry breaking and therefore is

neglected for simplicity. In the first stage, the neutral component of the SU(2)R triplet acquires a

VEV

∆R → 〈∆R〉 =

(
0 0

vR 0

)
. (3.60)

This breaks the SU(2)R symmetry, giving the RH neutrinos large Majorana masses due to the

second term in the Lagrangian (3.58),

MN = vRfR. (3.61)

At the same time, three massive gauge bosons (W±R , Z
0
R), which are some linear combinations of the

SU(2)R and U(1)B−L gauge bosons, are generated. There is also a combination that is massless,

corresponding to the gauge boson of U(1)Y . This is similar to the case of electroweak symmetry

breaking in the SM. After this step, the LRSM gauge group GLR reduces to the SM gauge group

GSM . Notice that due to the symmetry breaking of SU(2)R, the components of the bi-doublet no

longer transform as a bi-doublet but as two different Higgs doublets under SU(2)L. In the second

symmetry breaking stage, the two Higgs doublets get their VEVs4, which subsequently induces the

SU(2)L triplet to acquire its VEV:

Φ→ 〈Φ〉 =

(
v1 0

0 v2

)
, ∆L → 〈∆L〉 =

(
0 0

vL 0

)
. (3.62)

〈Φ〉 leads to mass generation for both the LH and RH fermions due to the last two terms in the

Lagrangian (3.58). The couplings g and g̃ can be combined to a single Dirac-type Yukawa coupling

2In some other versions of LRSM, two Higgs doublets are chosen instead of the triplets. We use the triplets because
they will lead to type-II seesaw mechanism naturally and are naturally embedded in an SO(10) GUT.

3To ease a potential confusion, we need to clarify one thing. The field `cR = (`c)L is left-chiral, which means that
it transforms in the left-handed representation of the Lorentz group. On the other hand, it is the SU(2)R lepton
doublet, meaning that it transforms as a doublet under the right-handed SU(2) gauge group.

4For convenience, we still write it as if the bi-doublet gets two VEVs in its neutral components. But the bi-doublet
technically no longer exists after the first symmetry breaking.
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matrix

y =
v1

v
y1 +

v2

v
y2, (3.63)

where v ≡
√
v2

1 + v2
2 and we have assumed that both v1 and v2 are real. Due to the presence of the

heavy RH neutrinos after the first stage of symmetry breaking, the LH active neutrinos get their

masses naturally via the type-I seesaw mechanism,

mI
ν = −mDM

−1
N mT

D = −v2yT (vRfR)−1y. (3.64)

Also, since the SU(2)L triplet ∆L gets its VEV at this stage, the LH neutrino masses gain an

additional contribution from the type-II seesaw mechanism [cf. the first term in Lagrangian (3.58)],

mII
ν = vLfL. (3.65)

Hence, the active neutrino mass matrix in the minimal LRSM is the combination of Eqs. (3.64)

and (3.65),

mν ' mII
ν +mI

ν = vLfL − v2yT (vRfR)−1y. (3.66)

Finally, a few comments on the constraints of this model are in order. For the LRSM to be

consistent with our current phenomenological observations, a certain hierarchy among the VEVs

of the Higgs fields must exist. First, in order to generate the tiny active neutrino masses via the

seesaw mechanism, the RH neutrinos must be heavy, implying that the symmetry breaking scale

vR needs to be much higher than the electroweak scale. Therefore, vR � v1, v2. Second, v1 � v2 is

required to suppress the mixing between the charged gauge bosons WL and WR [124]. By carefully

matching the experimentally measured W boson masses, one can find that

v =
√
v2

1 + v2
2 ' v1 ' 174 GeV, (3.67)

which is the electroweak VEV [19]. Furthermore, since the VEV of the triplet ∆L, vL, also con-

tributes to the WL and ZL boson masses, which have been measured to high accuracies, it is

constraint by these experimental data. In short, the upper bound for vL comes from the precision

measurement of the ρ-parameter, which is defined as

ρ ≡
M2
WL

(MZL cos θW )2 , (3.68)

where θW is the Weinberg angle. The deviation of it, ∆ρ ' −2v2
L/v

2, should be within 1% of unity,

suggesting v . 14 GeV [1].

3.3.2 Discrete left-right symmetry

In addition to the gauge LR symmetry (3.54), a discrete LR symmetry is often imposed on the model

to make the LR symmetry complete. For example, to restore parity, we require the Lagrangian (3.58)

to be invariant under the following particle exchanges:

`L ↔ `R, ∆L ↔ ∆∗R, Φ↔ Φ†. (3.69)

This condition then yields the following relations for the Yukawa coupling matrices,

fL = f∗R, y = y† (y1 = y†1, y2 = y†2). (3.70)

The implementation of the parity symmetry was studied extensively in the past due to historical

reasons [118, 119, 120, 121]. However, there is another way in which the discrete LR symmetry can

be realized, that is, the charge conjugation symmetry. The charge conjugation symmetry was less
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studied but is more natural in the SO(10) GUT, where it is automatically a gauge symmetry [125].

It requires the Lagrangian (3.58) to be invariant under

`L ↔ ̂̀
L ≡ `cR, ∆L ↔ ∆̂L ≡ ∆R, Φ↔ Φ̂ ≡ ΦT , (3.71)

where the hat indicates the charge conjugation operator [cf. Eqs. (3.17a) and (3.17b) for charge

conjugation on chiral fermion fields]. Then this condition leads to

fL = fR ≡ f, y = yT (y1 = yT1 , y2 = yT2 ), (3.72)

i.e. the two Majorana-type Yukawa coupling matrices are the same, and the Dirac-type Yukawa

coupling matrix is symmetric. In this case, the LR symmetric seesaw relation (3.66) simplifies to

mν ' mII
ν +mI

ν = vLf −
v2

vR
yf−1y. (3.73)

As a result of the additional symmetries, this type of LRSM contains fewer parameters than the

more general one, making it more predictive. Moreover, a duality property that lies in Eq. (3.73)

was identified [21]: if f is a solution to the above seesaw formula, so is

f̂ =
mν

vL
− f, (3.74)

provided that the Dirac-type Yukawa coupling matrix y is invertible.

This duality property has important implications. First, it makes it possible to analytically

reconstruct the Majorana-type Yukawa coupling f by inverting the seesaw formula (3.73). The

reason to do this is the following. As mentioned above, the electroweak VEV v is accurately known

from precision tests and the SU(2)L triplet VEV vL is constraint by the WL and ZL boson masses.

Although there is essentially no upper bound on the SU(2)R triplet VEV vR, by assuming a GUT

origin of the model and demanding the RH neutrinos to be heavy, its order of magnitude can be

estimated from mν
5, vL and v. The Dirac-type Yukawa coupling y is not directly measurable, but in

the context of GUTs, it is related to the known quark and/or charged lepton Yukawa couplings. On

the contrary, the Majorana-type Yukawa coupling f is not directly accessible from any experiment.

Hence, it is reasonable to reconstruct f from the LR symmetric seesaw relation, taking the other

parameters that can be more or less inferred from experiments as inputs. Performing such a task

can shed light on the underlying physics at the seesaw scale, which is highly characterized by the

structure of f . A detailed phenomenological study of this can be found in [126]. Second, the

existence of the duality implies that the solutions are degenerate. For instance, for three lepton

generations, there are eight degenerate solutions in general. It means that for given Dirac-type

Yukawa coupling y and VEVs vL and vR, all eight solutions of f lead to the same active neutrino

mass matrix mν . Thus, it also presents an eight-fold ambiguity for this mass matrix. A study on

lifting the degeneracy by considering the stability and leptogenesis criteria is presented in [127].

Despite providing critical insight into high-energy theories at the seesaw scale, the particular

LR symmetric seesaw relation (3.73) cannot give an accurate account of the active neutrino masses

at low energies. The reason is that below the discrete LR symmetry breaking scale vLR, different

parameters such as fL and fR may receive different quantum corrections under the renormalization

group (RG) evolution. As a result, these corrections induce a difference between fL and fR and an

asymmetry in y. In this case, the relations (3.72) no longer hold and the seesaw relation needs to

be reevaluated by taking into account the quantum corrections for different parameters.

5See Section 2.1.1 for various experimental bounds on the active neutrino masses mν .
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Chapter 4

RG Evolution of the Effective Coupling

4.1 Relevant Particles

Figure 4.1: A schematic illustrating the symmetry breaking scales of the minimal LRSM and the particle
spectrum. On the left, the two orange lines indicate the energy scales of the two stages of symmetry breaking
in the LRSM, vR and v. On the right, the blue lines are different mass thresholds of the different particles
in the brackets. In the regime between v and the lowest mass threshold of the heavy particles, only the two
Higgs doublets are relevant for the RG evolution in addition to the other SM particles. Such a scenario is
called the two Higgs doublet model (2HDM).

To modify the seesaw relation (3.73) below the discrete LR symmetry breaking scale vLR, we need

to calculate how each of the different parameters evolves with energy, i.e. the renormalization scale

µ. This is determined by the β-function of the corresponding parameter, as introduced in Section

2.2.3. In general, vLR can be different from the SU(2)R symmetry breaking scale vR [128], but

for simplicity, we will assume these two symmetry breaking scales coincide, which is a reasonable

expectation for the minimal LRSM.

Here, we take a bottom-up approach, where we consider the RG evolution from the electroweak

scale v up to the discrete LR symmetry breaking scale vLR. This approach is taken for the following

reasons. First, we have a fairly good understanding of the low-energy physics at v as it is accessible

from experiments. On the contrary, the high-energy physics at vLR is largely unknown and it needs

to be inferred from the low-energy phenomena. And the connection between them is exactly the RG

running. Second, the particle spectrum at vLR is fairly complicated, as illustrated in Fig. 4.1. After

SU(2)R symmetry breaking, only the real part of ∆0
R (∆0r

R ) and ∆++
R remain, while the imaginary

part ∆0i
R and ∆+

R become the Goldstone bosons1 that are “eaten” by the SU(2)R gauge bosons when

they become massive [cf. (3.57) for the components of a scalar triplet]. Similarly, the RH neutrinos

NR also obtain their masses at this stage, as given in Eq. (3.61). Therefore, NR, ∆++
R , ∆0r

R , and the

SU(2)R gauge bosons W±R and Z0
R all have masses on the order of the SU(2)R symmetry breaking

scale vR, assuming their Yukawa couplings are of similar orders. The mass of ∆L is of a similar

order to that of ∆R due to the discrete LR symmetry. Therefore, the mass thresholds of these

particles, which are indicated by the blue lines in Fig. 4.1, are all on the order vR but the exact

spectrum is unknown. Below the lowest threshold, these particles are all integrated out in the EFT.

1Goldstone bosons are the massless particles that arise when continuous symmetries are spontaneously broken, ac-
cording to the Goldstone’s theorem [129, 130].
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Then in between the electroweak scale and the lowest mass threshold, as indicated by the red arrow

in the figure, the only relevant particles are the two Higgs doublets, φ1 and φ2, that were originally

embedded in the bi-doublet Φ before symmetry breaking, in additional to the other massless SM

particles. In this regime, the most relevant parameter for the RG evolution is the effective coupling

κ of the Weinberg operator [cf. Eq. (3.42)], which is associated with the active neutrino mass

matrix mν in the seesaw formula. Therefore, the RG evolution of the effective coupling in the two

Higgs doublet model (2HDM), which is characterized by its β-function, along with its implications,

forms the main result of this thesis. The result also applies to a general n Higgs doublet model.

4.2 Renormalization of the 2HDM

In the 2HDM, the most general dimension-5 effective operator for neutrino mass is given by [68]

Lκ =
1

4
(κ1)jiβα(`CL

β

c εcdφdj) (`αLbεbaφai) +
1

4
(κ2)jiβα(`CL

β

c εcb`
α
Lb) (φdjεdaφai), (4.1)

where a, b, c, d, · · · are the SU(2)L indices, α, β, · · · are the fermion flavor indices, and i, j, · · · are the

Higgs flavor indices2. The second term vanishes in the SM, where there is only one Higgs doublet,

because the term is symmetric under the exchange of φd and φa, while the Levi-Civita symbol ε is

antisymmetric. We can simplify this effective operator by exploiting the group theory identity

εabεcd + εacεdb + εadεbc = 0. (4.2)

Then Eq. (4.1) can be written as

Lκ =
1

4

[
(κ1)jiβα + (κ2)jiβα − (κ2)ijβα

]
(`CL

β

c εcdφdj) (`αLbεbaφai). (4.3)

Therefore, if we define a single effective coupling as κjiβα ≡ (κ1)jiβα+(κ2)jiβα−(κ2)ijβα, the most general

effective operator is

Lκ =
1

4
κjiβα(`CL

β

c εcdφdj) (`αLbεbaφai). (4.4)

It is noted that this Lagrangian is invariant under exchanging i↔ j and α↔ β at the same time,

so the effective coupling has the following symmetry:

κjiβα = κijαβ, i.e. κji =
(
κij
)T
, (4.5)

where the transpose is acting on the fermion flavor space. The explicit connection between the

effective coupling and the active neutrino mass matrix in the 2HDM is obtained when φi and φj
(i, j = 1, 2) acquire their VEVs, denoted as vi and vj , after which the effective Lagrangian (4.4)

turns into the Majorana mass term for νL [cf. Eq. (3.44)]. Then

mij
ν = −κ

ij

2
vivj . (4.6)

The effective coupling in general can be written in terms of its symmetric part κ(ij) (κ(ji) = κ(ij))

and the antisymmetric part κ[ij] (κ[ji] = −κ[ij]). At the tree level, only the symmetric part of κ

contributes to the neutrino mass since Eq. (4.6) is symmetric under i ↔ j. In the LRSM, κij is

composed of the type-I and II seesaw contributions, i.e.

κij = κijI + κijII , (4.7)

2Here we can think of n different Higgs doublets as n flavors of the Higgs. Also, since the number of indices is getting
a bit unmanageable, I will start using C to label the particle-antiparticle conjugation to avoid confusion.
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where the type-I effective vertex [cf. Eq. (3.43)] and the type-II effective vertex [cf. Eq. (3.51)] are

given by

κijI = 2yTi M
−1
N yj , κijII = −2

ΛijL
M2

∆L

fL. (4.8)

It is worth noting that κijI contains both the symmetric and antisymmetric parts since κijI 6= κjiI in

general, but only the symmetric part contributes to the neutrino mass. On the other hand, κijII is

totally symmetric as ΛijL = ΛjiL . It can be seen from the Feynman diagrams in (C.2) and (C.7).

We now consider the renormalization in the 2HDM. From Lagrangian (4.4), we see that the

relevant parameters for the effective vertex renormalization are the wavefunction renormalizations

of the Higgs and lepton doublets. They are defined as

φiB =
(
Z

1
2
φ

)ij
φj , `αLB =

(
Z

1
2
`L

)
αβ
`βL. (4.9)

In a d-dimensional spacetime, we define the renormalization relation for the effective coupling as(
Z
T 1

2
`L

)
ββ′

(
Z

1
2
φ

)jj′
(κB)j

′i′

β′α′
(
Z

1
2
φ

)i′i(
Z

1
2
`L

)
α′α

= µε[κ+ δκ]jiβα, (4.10)

where (δκ)jiβα is the counterterm of the effective coupling. Then we can split the bare Lagrangian

into the renormalized Lagrangian and the counterterm Lagrangian,

LκB = Lκ + Cκ, (4.11)

where Lκ is given in Eq. (4.4), LκB has exactly the same form as Lκ but with all the renormalized

quantities replaced by the bare quantities, and the counterterm Lagrangian is given by

Cκ = (δκ)jiβα(`CL
β

c εcdφdj) (`αLbεbaφai). (4.12)

4.2.1 Higgs wavefunction renormalization

We start by calculating the wavefunction renormalization of the Higgs fields. The relevant one-

loop corrections to the Higgs 2-point function in the 2HDM are summarized in Fig. 4.2. Before

evaluating the diagrams, we first take a look at the counterterm Lagrangian for the Higgs 2-point

function. Its Feynman rule is given in Appendix D:

φi φj
= i

[
p2(δZφ)ij − δm2

ij

]
. (4.13)

It is clear that divergent terms that are absorbed into the Higgs wavefunction counterterm (δZφ)ij

should be proportional to p2. Those that are not proportional to p2 are absorbed by the mass

counterterm δm2
ij . If we consider the first Feynman diagram in Fig. 4.2, whose vertex function is

given by Eq. (2.8), we see that the divergent part is related to the mass of the Higgs but not to its

momentum3. So the first diagram does not contribute to the Higgs wavefunction renormalization.

We now consider the second diagram, where the loop consists of a RH electron and a LH lepton

doublet. Using the DR method and the Feynman rules for the Yukawa vertices, we obtain

i
(
Γeφ
)ij
ab

=
p−→

p+k−−→

p−→

k←−

= (−1)
[
−iµ

µ
2
(
Y j
e

)
βα
δbc

][
−iµ

µ
2
(
Y i†
e

)
αβ
δca

] ∫ ddk

(2π)d
Tr

[
PL

i(/p+ /k)

(p+ k)2
PR

i/k

k2

]
,

(4.14)

3To be precise, Eq. (2.8) is not the self-energy correction of Fig. 4.2(a). The reason is that in the 2HDM, the mass
matrix of the Higgs is generally not diagonal. But since the divergent part of such a diagram is not proportional to
p2, it does not contribute to the wavefunction renormalization.
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φai φbj

φck φc′k′

(a) (Γφφ)ijab

φai
`αLc

φbj

eβR

(b) (Γeφ)ijab

φai
QαLc

φbj

dβR

(c) (Γdφ)ijab

φai
QαLc

φbj

uβR

(d) (Γuφ)ijab

φai
φck φc′k′

φbj

B

(e) (ΓBφ )ijab

φai
φck φc′k′

φbj

W s

(f) (ΓWφ )ijab

Figure 4.2: One-loop self-energy corrections to the Higgs fields in the 2HDM.

where the factor (−1) comes from the closed fermion loop, and Y j
e , Y i

e are the Yukawa couplings

of the RH electron and LH lepton doublet with φj , φi (different Higgs flavors), respectively4. To

evaluate the trace in the integral, we use the following useful identities from the Dirac algebra

Tr
[
γµγν

]
= 4gµν (4.15a)

Tr
[
γ5
]

= Tr
[
γµ
]

= Tr
[
γµγαγν

]
= Tr

[
odd # of γ-matrices

]
= 0 (4.15b)

as well as Eqs. (3.3a) and (3.3b). The trace is evaluated to be

Tr

[
PL

i(/p+ /k)

(p+ k)2
PR

i/k

k2

]
= −2(p+ k) · k

(p+ k)2k2
. (4.16)

Then Eq. (4.14) becomes

i
(
Γeφ
)ij
ab

= − i

16π2
δab Tr

(
Y i†
e Y

j
e

) µε
iπ2

∫
ddk

2(p+ k) · k
(p+ k)2k2

= − i

8π2
δab Tr

(
Y i†
e Y

j
e

)[
A0(0) + p2B1(p2, 0, 0)

]
=

i

8π2
δab Tr

(
Y i†
e Y

j
e

)
p2 1

ε
+ UV finite,

(4.17)

where we have used the Passarino-Veltman functions [131] that are summarized in Appendix B

to evaluate the integral in the first line. The other diagrams in Fig. 4.2 can be evaluated in a

similar fashion with the aid of the Feynman rules in Appendix D. However, notice that the last two

diagrams contain a Higgs propagator in the loop, whose mass matrix is non-diagonal in general. In

a general mass basis, the Higgs propagator is given by

φai φbj
: iSφ(p) = i

(
p2δij −m2

ij

)−1
δba. (4.18)

To go to a diagonal basis, we make the following tranformation,

d2 = Um2U †, (4.19)

where U is a unitary matrix (U † = U−1) and d2 is a diagonal matrix. Then the propagator becomes

iSφ(p) = i
[
p2δij − (U †d2U)ij

]−1
δba = (U †)ik

i

p2 − d2
kk + iε

Ukjδba (4.20)

4In connection to the 2HDM, we identify Y 1
e = y1 and Y 2

e = y2 [cf. Eq. (3.58)]. The similar connections can be made
for Yd and Yu as the quark Yukawa couplings in the 2HDM have the same form as the lepton Yukawa couplings.
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For example, evaluating Fig. 4.2(e) gives:

i(Γe`L)abβα =
p−→

p+k−−→

p−→

k←−

φai φbj

=

[
− i

2
µ
ε
2 g1δbc′δjk′

][
− i

2
µ
ε
2 g1δcaδki

]
δc′c∫

ddk

(2π)d
(2pµ + kµ) i

−ηµν + (1− ξ1)k
µkν

k2

k2
(2pν + kν)(U †)kl

i

(p+ k)2 − d2
ll

Ulk′

=
i

64π2
g2

1δab(U
†)ilUlj

µε

iπ2

∫
ddk
−(2p+ k)2 + (1− ξ1) 1

k2 [k · (2p+ k)]2

k2
[
(p+ k)2 − d2

ll

]
=

i

32π2
g2

1δab(U
†)ilUlj

(
−3p2 + ξ1p

2 − ξ1d
2
ll

)1

ε
+ UV finite

=
i

32π2
g2

1δab
(
−3p2δij + ξ1p

2δij − ξ1m
2
ij

)1

ε
+ UV finite.

(4.21)

Therefore, the relevant self-energy corrections for the Higgs 2-point function are (only the di-

vergent parts are shown for simplicity):

(
Γeφ
)ij
ab

=
1

8π2
δab Tr

(
Y i†
e Y

j
e

)
p2 1

ε
; (4.22a)(

Γdφ
)ij
ab

=
3

8π2
δab Tr

(
Y i†
d Y

j
d

)
p2 1

ε
; (4.22b)(

Γuφ
)ij
ab

=
3

8π2
δab Tr

(
Y i†
u Y

j
u

)
p2 1

ε
; (4.22c)(

ΓBφ
)ij
ab

=
1

32π2
g2

1δab
(
−3p2δij + ξ1p

2δij − ξ1m
2
ij

)1

ε
; (4.22d)(

ΓWφ
)ij
ab

=
3

32π2
g2

2δab
(
−3p2δij + ξ2p

2δij − ξ2m
2
ij

)1

ε
. (4.22e)

Similar to what we have done in Section 2.2.2, we demand the renormalized 2-point function to be

UV finite, that is,

φi φj
=

φi φj
+

φi
eR

φj

`L

+
φi

dR
φj

QL

+
φi

uR
φj

QL

+
φi

φ
φj

B

+

3∑
s=1 φi

φ
φj

W s

+
φi φj

= iδij + i
∑

all self-energy corrections + i
[
p2(δZφ)ij − δm2

ij

]
!

= UV finite.

Then the Higgs wavefunction counterterm is given by

(δZφ)ij = − 1

16π2

[
2T ij − 1

2
g2

1(3− ξ1)δij −
3

2
g2

2(3− ξ2)δij

]
1

ε
, (4.23)

where we have abbreviated the trace terms as

T ij ≡ Tr
(
Y i†
e Y

j
e + 3Y i†

d Y
j
d + 3Y i†

u Y
j
u

)
. (4.24)
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`αLa

φck φc′k′

eγR

`βLb

(a) (Γe`L)abβα

`αLa

B

`γLc

`βLb

(b) (ΓB`L)abβα

`αLa

W s

`γLc

`βLb

(c) (ΓW`L)abβα

Figure 4.3: One-loop self-energy corrections to the lepton doublet fields in the 2HDM.

Note that there are technically diagrams which contain only gauge bosons in the loop that one needs

to take into account. However, it can be easily shown that the divergent parts of these diagrams

are proportional to the Passarino-Veltman function A0(0), that is,

φai φbj

B/W s

= k ·A0(m2 = 0) + UV finite = UV finite, (4.25)

where k is a proportionality constant. Therefore, these diagrams are finite.

4.2.2 Left-handed lepton wavefunction renormalization

Next, we calculate the wavefunction renormalization for the LH lepton doublets. In the 2HDM,

there are only three contributing Feynman diagrams, as shown in Fig. 4.3. Similar to what we did

to obtain the corrections to the Higgs 2-point function, we evaluate each diagram in DR and extract

the divergent parts. They are summarized in the following:

(
Γe`L
)ab
βα

=
1

16π2

2∑
k=1

(
Y k†
e Y k

e

)
βα
δab /pPL

1

ε
; (4.26a)

(
ΓB`L
)ab
βα

=
1

32π2
ξ1g

2
1δβαδab /pPL

1

ε
; (4.26b)(

ΓW`L
)ab
βα

=
3

32π2
ξ2g

2
2δβαδab /pPL

1

ε
. (4.26c)

Again, demanding the renormalized 2-point function to be UV finite,

`αL `βL

=
`αL `βL

+
`αL

φ

eR
`βL

+
`αL

B

`L
`βL

+

3∑
s=1 `αL

W s

`L
`βL

+
`αL `βL

= iδβα + i
∑

all self-energy corrections + i/p(δZ`L)βαPL

!
= UV finite,

we obtain the lepton doublet wavefunction counterterm

(δZ`L)βα = − 1

16π2

[
2∑

k=1

(
Y k†
e Y k

e

)
βα

+
1

2
ξ1g

2
1δβα +

3

2
ξ2g

2
2δβα

]
1

ε
. (4.27)
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4.2.3 Effective vertex renormalization

Figure 4.4: One-loop contributions to the renormalization of the effective vertex from fermions and/or scalars.
The SU(2) indices are omitted for simplicity. The assignment of them is the same as that in the effective
vertex (D.10a).

Figure 4.5: One-loop contributions to the renormalization of the effective vertex from U(1)/SU(2) gauge
bosons. The SU(2) indices are omitted for simplicity.
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Here we calculate all the effective vertex corrections up to one-loop order. First, we define the

Lagrangian for the Higgs fields as

Lφ = (Dµφi)
†(Dµφi)−m2

ijφ
†
iφj −

1

4
λijkl

(
φ†iφj)

(
φ†kφl

)
. (4.28)

Then using the Feynman rules, the first diagram in Fig. 4.4 yields

(
Γφκij

)abcd
βα

=
−1

32π2
· 1
2

2∑
k,l=1

[(
κlkβαλkilj + κklβαλkjli

)
εcdεba +

(
κlkβαλkjli + κklβαλkilj

)
εcaεbd

]
PL

1

ε
. (4.29)

Using the symmetry property λkilj = λljki and relabelling l↔ k, we can write

κlkβαλkilj = κlkβαλljki = κklβαλkjli (4.30)

Similarly, we also have

κlkβαλkjli = κklβαλkilj . (4.31)

Therefore, the vertex correction (4.29) simplifies to

(
Γφκij

)abcd
βα

=
−1

16π2
· 1

2

2∑
k,l=1

(
κklβαλkjliεcdεba + κklβαλkiljεcaεbd

)
PL

1

ε
. (4.32)

Next, if the loop contains a LH lepton doublet, a Higgs doublet, and a RH electron singlet, there

are four diagrams, as shown in Fig. 4.4 (b)-(e). They give four vertex corrections:

(
Γe(1)
κij

)abcd
βα

=
1

8π2
· 1

2

2∑
k=1

[(
κjkY i†

e Y
k
e

)
βα
εcdεba +

(
κkjY i†

e Y
k
e

)
βα
εcbεda

]
PL

1

ε

=
1

8π2
· 1

2

2∑
k=1

[(
κjkY i†

e Y
k
e + κkjY i†

e Y
k
e

)
βα
εcdεba −

(
κkjY i†

e Y
k
e

)
βα
εcaεbd

]
PL

1

ε
;

(4.33a)

(
Γe(2)
κij

)abcd
βα

=
1

8π2
· 1

2

2∑
k=1

[(
κikY j†

e Y k
e

)
βα
εcaεbd −

(
κkiY j†

e Y k
e

)
βα
εcbεda

]
PL

1

ε

=
1

8π2
· 1

2

2∑
k=1

[
−
(
κkiY j†

e Y k
e

)
βα
εcdεba +

(
κikY j†

e Y k
e + κkiY j†

e Y k
e

)
βα
εcaεbd

]
PL

1

ε
;

(4.33b)(
Γe(3)
κij

)abcd
βα

=
1

8π2
· 1

2

2∑
k=1

[(
Y kT
e Y j∗

e κki
)
βα
εcdεba +

(
Y kT
e Y j∗

e κik
)
βα
εcbεda

]
PL

1

ε

=
1

8π2
· 1

2

2∑
k=1

[(
Y kT
e Y j∗

e κki + Y kT
e Y j∗

e κik
)
βα
εcdεba −

(
Y kT
e Y j∗

e κik
)
βα
εcaεbd

]
PL

1

ε
;

(4.33c)(
Γe(4)
κij

)abcd
βα

=
1

8π2
· 1

2

2∑
k=1

[(
Y kT
e Y i∗

e κ
kj
)
βα
εcaεbd −

(
Y kT
e Y i∗

e κ
jk
)
βα
εcbεda

]
PL

1

ε

=
1

8π2
· 1

2

2∑
k=1

[
−
(
Y kT
e Y i∗

e κ
jk
)
βα
εcdεba +

(
Y kT
e Y i∗

e κ
kj + Y kT

e Y i∗
e κ

jk
)
βα
εcaεbd

]
PL

1

ε
;

(4.33d)

where we have used the group theory identity Eq. (4.2) to rewrite new SU(2) structure in terms of

the old ones that show up in the Feynman rule for the effective vertex. Next, if the loop correction

contains the B boson, there are six different configurations, as shown in Fig. 4.5, and they give the
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following vertex corrections:(
ΓB(1)
κij

)abcd
βα

=
1

32π2
ξ1g

2
1 ·

1

2

[
κjiβαεcdεba + κijβαεcaεbd

]
PL

1

ε
; (4.34a)(

ΓB(2)
κij

)abcd
βα

=
1

32π2
ξ1g

2
1 ·

1

2

[
κjiβαεcdεba + κijβαεcaεbd

]
PL

1

ε
; (4.34b)(

ΓB(3)
κij

)abcd
βα

=
1

32π2
ξ1g

2
1 ·

1

2

[
κjiβαεcdεba + κijβαεcaεbd

]
PL

1

ε
; (4.34c)(

ΓB(4)
κij

)abcd
βα

=
1

32π2
ξ1g

2
1 ·

1

2

[
κjiβαεcdεba + κijβαεcaεbd

]
PL

1

ε
; (4.34d)(

ΓB(5)
κij

)abcd
βα

=
−1

32π2
ξ1g

2
1 ·

1

2

[
κjiβαεcdεba + κijβαεcaεbd

]
PL

1

ε
; (4.34e)(

ΓB(6)
κij

)abcd
βα

=
−1

32π2
(3 + ξ1)g2

1 ·
1

2

[
κjiβαεcdεba + κijβαεcaεbd

]
PL

1

ε
. (4.34f)

Moreover, for each configuration, we can replace the B boson by a W boson and thus they also

contribute to the vertex correction:(
ΓW (1)
κij

)abcd
βα

=
1

32π2
ξ2g

2
2 ·

1

2

[
−κjiβαεcdεba +

(
3κijβα + 2κjiβα

)
εcaεbd

]
PL

1

ε
; (4.35a)(

ΓW (2)
κij

)abcd
βα

=
1

32π2
ξ2g

2
2 ·

1

2

[(
3κjiβα + 2κijβα

)
εcdεba − κijβαεcaεbd+

]
PL

1

ε
; (4.35b)(

ΓW (3)
κij

)abcd
βα

=
1

32π2
ξ2g

2
2 ·

1

2

[
−κjiβαεcdεba +

(
3κijβα + 2κjiβα

)
εcaεbd

]
PL

1

ε
; (4.35c)(

ΓW (4)
κij

)abcd
βα

=
1

32π2
ξ2g

2
2 ·

1

2

[(
3κjiβα + 2κijβα

)
εcdεba − κijβαεcaεbd+

]
PL

1

ε
; (4.35d)(

ΓW (5)
κij

)abcd
βα

=
−1

32π2
ξ2g

2
2 ·

1

2

[(
2κijβα − κ

ji
βα

)
εcdεba +

(
2κjiβα − κ

ij
βα

)
εcaεbd

]
PL

1

ε
; (4.35e)(

ΓW (6)
κij

)abcd
βα

=
−1

32π2
(3 + ξ2)g2

2 ·
1

2

[(
2κijβα − κ

ji
βα

)
εcdεba +

(
2κjiβα − κ

ij
βα

)
εcaεbd

]
PL

1

ε
. (4.35f)

According to the Feynman rule, the counterterm vertex is given by(
Γδκij

)abcd
βα

=
1

2

(
δκjiβαεcdεba + δκijβαεcaεbd

)
PL. (4.36)

In renormalization, we again demand all the divergences to be absorbed into the counterterm:

(
Γφκij

)abcd
βα

+
4∑
t=1

(
Γe(t)κij

)abcd
βα

+
6∑
t=1

(
ΓB(t)
κij

)abcd
βα

+
6∑
t=1

(
ΓW (t)
κij

)abcd
βα

+
(
Γδκij

)abcd
βα

= 0. (4.37)

Therefore, (δκ)ijβα is determined by matching the coefficients in front of the SU(2) structure εcaεbd.

Using the Einstein summation convention and thereby dropping the summation signs, we arrive at

(δκ)ijβα =− 1

16π2

{
− κklβαλkilj + 2

[
− κkjβαY

i†
e Y

k
e +

(
κikβα + κkiβα

)
Y j†
e Y k

e

− Y kT
e Y j∗

e κikβα + Y kT
e Y i∗

e

(
κkjβα + κjkβα

)]
+

(
ξ1 −

3

2

)
g2

1κ
ij
βα +

(
3ξ2 +

3

2

)
g2

2κ
ij
βα − 3g2

2κ
ji
βα

}
1

ε
.

(4.38)

Similarly, (δκ)jiβα can be determined by matching the coefficients for εcdεba. And the result turns

out to be have the same structure as (δκ)ijβα, with i and j exchanged in each term in Eq. (4.38).

This is exactly what we would expect.
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4.3 Calculation of the β-Function

The general method for calculating the β-function of tensorial quantities with one set of indices was

derived in [132]. Here, we generalize this method for quantities with two different set of indices and

specifically derive the β-function for the effective coupling κijβα.

Recall the renormalization relation for the effective coupling κijβα is given in Eq. (4.10), or

(κB)ijβα =
(
Z
− 1

2
φ

)ii′(
Z
T− 1

2
`L

)
ββ′
µDκε[κ+ δκ]i

′j′

β′α′
(
Z
− 1

2
`L

)
α′α

(
Z
− 1

2
φ

)j′j
, (4.39)

where Dκ = 1 and the transpose is acting on the spinor space (corresponding to the SU(2)L indices

which are omitted here). As in the derivation of the Callan-Symanzik equation, we make use of the

fact that the bare quantity κB is independent of the renormalization scale, i.e.

µ
dκB
dµ

= 0. (4.40)

Therefore, the total derivative of the right hand side of Eq. (4.39) with respect to µ also vanishes.

We need to use the chain rule when taking the total derivative, and thus we must take into account

of all the parameters that are µ-dependent:

δκ = δκ
(
κ, λ, Y †e , Ye, Y

T
e , Y

∗
e , g1, g2

)
≡ δκ

(
κ, {Vκ}

)
, (4.41a)

Zφ = Zφ
(
Y †e , Ye, Y

†
d , Yd, Y

†
u , Yu, g1, g2

)
≡ Zφ

(
{Vφ}

)
, (4.41b)

ZT`L = ZT`L
(
Y T
e , Y

∗
e , g1, g2

)
≡ ZT`L

(
{V`1}

)
, (4.41c)

Z`L = Z`L
(
Y †e , Ye, g1, g2

)
≡ ZT`L

(
{V`2}

)
. (4.41d)

One has to keep in mind that different parameters carry different indices and they are omitted in

these expressions just for the sake of convenience. If we now take the total derivative of Eq. (4.39)

with respect to µ, we obtain

0 =
(
Z
− 1

2
φ

)ii′(
Z
T− 1

2
`L

)
ββ′

{
(βκ)i

′j′

β′α′ +

〈
dδκ

dκ

∣∣∣∣βκ〉i′j′
β′α′

+
∑
{Vκ}

〈
dδκ

dVκ

∣∣∣∣βVκ〉i′j′
β′α′

+Dκε[κ+ δκ]i
′j′

β′α′

}(
Z
− 1

2
`L

)
α′α

(
Z
− 1

2
φ

)j′j
+
∑
{Vφ}

〈
dδZ

− 1
2

φ

dVφ

∣∣∣∣∣∣βVφ
〉ii′ (

Z
T− 1

2
`L

)
ββ′

[κ+ δκ]i
′j′

β′α′
(
Z
− 1

2
`L

)
α′α

(
Z
− 1

2
φ

)j′j

+
(
Z
− 1

2
φ

)ii′ ∑
{V`1}

〈
dδZ

T− 1
2

`L

dV`1

∣∣∣∣∣∣βV`1
〉
ββ′

[κ+ δκ]i
′j′

β′α′
(
Z
− 1

2
`L

)
α′α

(
Z
− 1

2
φ

)j′j

+
(
Z
− 1

2
φ

)ii′(
Z
T− 1

2
`L

)
ββ′

[κ+ δκ]i
′j′

β′α′

∑
{V`2}

〈
dδZ

− 1
2

`L

dV`2

∣∣∣∣∣∣βV`2
〉
α′α

(
Z
− 1

2
φ

)j′j

+
(
Z
− 1

2
φ

)ii′(
Z
T− 1

2
`L

)
ββ′

[κ+ δκ]i
′j′

β′α′
(
Z
− 1

2
`L

)
α′α

∑
{Vφ}

〈
dδZ

− 1
2

φ

dVφ

∣∣∣∣∣∣βVφ
〉j′j

,

(4.42)

where we have introduce the angle bracket notation for arbitrary tensors F , x and y,〈
dF

dx

∣∣∣∣y〉a···b
α···β
≡

dF a···bα···β
dxm···nδ···γ

ym···nδ···γ . (4.43)
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The first term in Eq. (4.42) is obtained by taking the total derivative of µDκε[κ+δκ]i
′j′

β′α′ in Eq. (4.39)

with respect to µ. The other four terms correspond to taking the derivative of the wavefunction

renormalization constants in Eq. (4.39). By repeating these steps, one can also obtain analogous

relations for the other parameters {VA} (A = κ, φ, `1, `2). With the set of equations of the type

(4.42), the β-functions can be determined by expanding all quantities in powers of ε and matching the

coefficients. First, the β-functions are defined in terms of derivatives of the renormalized quantities

and consequently are finite in the limit ε→ 0, so they can be expanded as

βκ = β(0)
κ + εβ(1)

κ + · · ·+ εnβ(n)
κ , (4.44a)

βVA = β
(0)
VA

+ εβ
(1)
VA

+ · · ·+ εnβ
(n)
VA
. (4.44b)

Again, different β-functions carry different indices. On the other hand, the expansion of wavefunc-

tion renormalization constants follows from the MS renormalization scheme:(
Z
− 1

2
φ

)ij
= δij −

1

2

(
δZφ,1

)ij 1

ε
+O(1/ε2), (4.45a)(

Z
T− 1

2
`L

)
βα

= δβα −
1

2

(
δZT`L,1

)
βα

1

ε
+O(1/ε2), (4.45b)(

Z
− 1

2
`L

)
βα

= δβα −
1

2

(
δZ`L,1

)
βα

1

ε
+O(1/ε2). (4.45c)

Finally, we also define

(δκ)ijβα ≡
∑
k≥1

(δκ,k)
ij
βα

1

εk
= (δκ,1)ijβα

1

ε
+O(1/ε2). (4.46)

If we substitute these expansions back into Eq. (4.42), we will find that for n > 1, the only term of

order εn is εn
(
β

(n)
κ

)ij
βα

, since the terms in the angle brackets such as
〈

dδκ
dκ

∣∣βκ〉ijβα are of order εn−1.

This then implies that β
(n)
κ must be zero. By the same argument, the analogs of Eq. (4.42) tell us

that all the other β-functions at the nth order vanish, β
(n)
VA

= 0. If we continue this process for the

order εn−1, we will find that again, all the β-functions at this order vanish. In fact, they all vanish

for the orders k = 2, · · · , n.

At the order ε1, there are two terms in Eq. (4.42), ε
(
β

(1)
κ

)ij
βα

and Dκεκ
ij
βα. Therefore, the first

non-vanishing term is β
(1)
κ = −Dκκ = −κ. In an analogous way, we find β

(1)
VA

= −DVAVA. Therefore,

the expansions (4.44a) and (4.44b) become

βκ = β(0)
κ −Dκκ ε, (4.47a)

βVA = β
(0)
VA
−DVAVAε. (4.47b)

Note that the terms of order ε1 do not contribute in 4 dimensions since they vanish when ε → 0.

So the only relevant β-functions are of order ε0. At this order, the terms in the angle brackets also

contribute. For example,

δii′δββ′

〈
dδκ

dκ

∣∣∣∣βκ〉i′j′
β′α′

δα′αδj′j =

〈
dδκ

dκ

∣∣∣∣βκ〉ij
βα

=

〈
dδκ,1

dκ

1

ε
+O(1/ε2)

∣∣∣∣β(0)
κ −Dκκ ε

〉ij
βα

= −
〈

dδκ,1
dκ

∣∣∣∣κ〉ij
βα

+O(1/ε).

(4.48)
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Therefore, the final result is

(
β(0)
κ

)ij
βα

=

〈
dδκ,1

dκ

∣∣∣∣κ〉ij
βα

+
∑
{Vκ}

DVκ

〈
dδκ,1
dVκ

∣∣∣∣Vκ〉ij
βα

− (δκ,1)ijβα

− 1

2

∑
{Vφ}

DVφ

〈
dδZφ,1

dVφ

∣∣∣∣Vφ〉ii′ κi′jβα − 1

2

∑
{V`1}

DV`1

〈
dδZT`L,1

dV`1

∣∣∣∣∣V`1
〉
ββ′

κijβ′α

− 1

2
κijβα′

∑
{V`2}

DV`2

〈
dδZ`L,1

dV`2

∣∣∣∣V`2〉
α′α

− 1

2
κij
′

βα

∑
{Vφ}

DVφ

〈
dδZφ,1

dVφ

∣∣∣∣Vφ〉j′j .
(4.49)

If we then substitute the counterterms (4.23), (4.27) and (4.38) into the master formula (4.49), with

Dλ = 1, DYi = Dg1 = Dg2 = 1
2 , we obtain the β-function for the effective coupling,

16π2µ
dκij

dµ
= 16π2

(
β(0)
κ

)ij
=

{
κklλkilj + 2

[
κkjY i†

e Y
k
e −

(
κik + κki

)
Y j†
e Y k

e

+ Y kT
e Y j∗

e κik − Y kT
e Y i∗

e

(
κkj + κjk

)]
+ T ii

′
κi
′j + κij

′
T j
′j

+ κijS + STκij − 3g2
2

(
2κij − κji

)}
,

(4.50)

where

T ij ≡ Tr
(
Y i†
e Y

j
e + 3Y i†

d Y
j
d + 3Y i†

u Y
j
u

)
, (4.51)

and

S ≡ 1

2
Y k†
e Y k

e . (4.52)

Eq. (4.50) is the RGE of the effective coupling associated with the dimension-5 Weinberg operator

in the 2HDM, which governs the evolution of the active neutrino matrix mν above the electroweak

scale. The result can be justified from the following perspectives. First, the gauge parameters ξ1

and ξ2 do not show up in (4.50), which is what is expected as the β-function should not depend

on the gauges chosen. Second, our result matches the previous calculation given in [133], except

the final term in (4.50) that is proportional to g2
2. In our result, this term contains both κij and

κji, which are generally two different matrices related by transposition in the fermion flavor space,

as shown in Eq. (4.5). In the previous result, the corresponding term is −3g2
2κ

ij . However, the

authors did not make an explicit assumption that κij = κji. Therefore, we believe (4.50) is the

most general form of the β-function for an n Higgs doublet model. Third, our result also coincides

with the one for 2HDM with an additional Z2 symmetry [134], when taking the limit i = j. It also

agrees with the result in [132] at the limit where there is only one Higgs species.

It is also interesting to inspect the symmetric and antisymmetric parts of the β-function, which

determines the RG evolution of κ(ij) and κ[ij], respectively. By demanding βijκ = β
(ij)
κ + β

[ij]
κ and

κij = κ(ij) + κ[ij], Eq. (4.50) can be decomposed into

16π2µ
dκ(ij)

dµ
=

{
1

2
κ(kl)(λkilj + λkjli)−

(
κ(ik)Y j†

e Y k
e + Y kT

e Y j∗
e κ(ik) + κ(jk)Y i†

e Y
k
e + Y kT

e Y i∗
e κ

(jk)
)

+
1

2

[
κ(ik)

(
T jk + T kj

)
+ κ(jk)

(
T ik + T ki

)]
+ κ(ij)S + STκ(ij) − 3g2

2κ
(ij)

+
1

2
κ[kl](λkilj + λkjli)−

(
κ[ik]Y j†

e Y k
e − Y kT

e Y j∗
e κ[ik] + κ[jk]Y i†

e Y
k
e − Y kT

e Y i∗
e κ

[jk]
)

+
1

2

[
κ[ik]

(
T kj − T jk

)
+ κ[jk]

(
T ki − T ik

)]}
,

(4.53)
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and

16π2µ
dκ[ij]

dµ
=

{
1

2
κ(kl)(λkilj − λkjli)−

(
3κ(ik)Y j†

e Y k
e − 3Y kT

e Y i∗
e κ

(ik) − 3κ(jk)Y i†
e Y

k
e + 3Y kT

e Y i∗
e κ

(jk)
)

+
1

2

[
κ(ik)

(
T kj − T jk

)
+ κ(jk)

(
T ik − T ki

)]
+

{
1

2
κ[kl](λkilj − λkjli)−

(
−κ[ik]Y j†

e Y k
e − Y kT

e Y i∗
e κ

[ik] + κ[jk]Y i†
e Y

k
e + Y kT

e Y i∗
e κ

[jk]
)

+
1

2

[
κ[ik]

(
T kj + T jk

)
− κ[jk]

(
T ki + T ik

)]
+ κ[ij]S + STκ[ij] − 9g2

2κ
[ij]

}
.

(4.54)

As discussed in the beginning of Section 4.2, only the symmetric part of the effective coupling

(κ(ij)) contributes to the active neutrino mass matrix through the effective operator at the tree

level. However, as we see from Eq. (4.53), the RG evolution of κ(ij) includes contributions from the

symmetric κ(ij) (in the first two lines) as well as the antisymmetric κ[ij] (in the last two lines). This

implies that when loop corrections are included, the antisymmetric part of the effective coupling

(κ[ij]) also implicitly contributes to the neutrino mass matrix because it is fed into the RG evolution

of the symmetric part. Similarly, as shown in Eq. (4.54), the symmetric κ(ij) also contributes to

the RG evolution of the antisymmetric κ[ij].

4.4 Beyond the 2HDM

As discussed in Section 4.1, the 2HDM is the first step of RG evolution from the electroweak scale

towards the LR symmetry breaking scale, which is taken to be the same as the SU(2)R breaking

scale in our model. Beyond the 2HDM, there exists a complicated particle spectrum at higher

energies, as shown in Fig. 4.1. Once the renormalization scale is above the mass thresholds of these

particles, they cannot be regarded as irrelevant in the EFT, and hence, they will contribute to the

β-function of the effective coupling κ and other parameters. Incorporating all these particles at

once will require some dedicated work, but the contributions from the RH neutrinos NR and the

SU(2)L triplet ∆L are relatively easy to calculate. Therefore, here we consider adding these two

particles as our first step beyond the 2HDM.

Fig. 4.6 shows all the additional one-loop self-energy corrections to the 2-point functions of the

Higgs doublets and the lepton doublets. There are two contributions from the RH neutrinos and

three contributions from the SU(2)L triplet. However, not all of these diagrams contribute to the

wavefunction renormalizations, which are relevant for the β-function of the effective vertex. By

evaluating these diagrams, one will find only Figs. 4.6(a), 4.6(d) and 4.6(e) are relevant to the

wavefunction renormalizations, whereas the other two diagrams contribute to the mass renormal-

ization of the Higgs fields. For convenience, we will work in the basis where the RH mass matrix M

is real and diagonal at some high energy, as it will yield the same result as if we work in a general

mass basis. Then the corresponding divergent parts of the self-energy corrections are5:(
ΓNφ
)ij
ab

=
1

8π2
δab
(
Y i†
ν

)
αβ

(
Y j
ν

)
βα

(
p2 − 2M2

β

)1

ε
; (4.55a)(

ΓN`L
)ab
βα

=
1

16π2

(
Y k†
ν Y k

ν

)
βα
δab /pPL

1

ε
; (4.55b)(

Γ∆
`L

)ab
βα

=
3

16π2

(
Y †∆Y∆

)
βα
δab /pPL

1

ε
. (4.55c)

Since these two new particles do not contribute to the effective vertex renormalization, its countert-

erm (4.38) stays the same. Therefore, with the RH neutrinos and the SU(2)L triplet present, the

5Again, in connection to the 2HDM, we identify Y 1
ν = y2 and Y 2

ν = y1 [cf. Eq. (3.58)].

33



4.4. BEYOND THE 2HDM

φai

Nβ
R

φbj
`αLc

(a) (ΓNφ )ijab

φai φbj

∆Lc

(b) (Γ∆
φ )ijab

φai
∆Ld

φbj

φck φc′k′

(c) (Γ∆φ
φ )ijab
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Nγ
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(d) (ΓN`L)abβα

`αLa `βLb
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(e) (Γ∆
`L

)abβα

Figure 4.6: Additional one-loop self-energy corrections to 2-point function of the Higgs fields and the lepton
doublet fields due to the RH neutrinos and the SU(2)L triplet.

β-function of the effective vertex stays in the same form as Eq. (4.50), with

T ij = Tr
(
Y i†
ν Y

j
ν + Y i†

e Y
j
e + 3Y i†

d Y
j
d + 3Y i†

u Y
j
u

)
, (4.56)

and

S =
1

2

(
Y k†
e Y k

e + Y k†
ν Y k

ν + 3Y †∆Y∆

)
. (4.57)

Therefore, compared to the RGE of the effective coupling for the 2HDM, only the trace T ij and S

are changed once we include the contributions from the RH neutrinos and the SU(2)L triplet, while

the other terms remain the same. Specifically, there are one more trace term Tr
(
Y i†
ν Y

j
ν

)
and two

more terms in S, 1
2Y

k†
ν Y k

ν and 3
2Y
†

∆Y∆.

As a final remark, we can make some approximations to the β-function (4.50) to simplify the

actual calculation by identifying the dominant terms in the Yukawa couplings. For example, the

quark Yukawa coupling matrices Yu and Yd, in the basis where they are diagonal, can be written as

Yd = diag(yd, ys, yb), Yu = diag(yu, yc, yt). (4.58)

Due to the mass hierarchy of the quarks, the (3,3)-component is always the dominant entry of the

quark Yukawa coupling matrices and the other two diagonal entries can be neglected in the RG

running. More specifically, in the 2HDM, the top quark mass is roughly given by mt ∼ v1y
1
t + v2y

2
t ,

where v1 and v2 are the VEVs of the two Higgs doublets satisfying
√
v2

1 + v2
2 = v, with v ' 174

GeV, and the superscripts of yt denote the Higgs flavor. As argued previously in Section 3.3.1,

there exists a prominent hierarchy of the two VEVs: v1 � v2 in order to suppress the unobserved

WL–WR mixing. This then leads to v1 ' v. Moreover, since the top quark mass mt ' v, the top

quark Yukawa coupling yt = (v1/v)y1
t + (v2/v)y2

t ∼ 1. To allow for perturbation expansion of the

quantum corrections, we also require that y1
t , y

2
t . 4π/

√
3. Therefore, the dominant contribution

to the top quark mass comes from the first term, i.e. yt ' (v1/v)y1
t , with y1

t ∼ 1. If y2
t ∼ y1

t , which

is allowed, then both of the Yukawa couplings need to be considered in RG running. If, on the

other hand, y2
t � y1

t , then we would neglect y2
t and Tr

(
3Y i†

u Y
j
u

)
' 3y1†

t y
1
t δ
i1δj1. For the Yukawa

couplings Ye and Yd, obviously yτ and yb dominates over the other entries, similar to the case of

Yu. However, in the 2HDM, y1
f � y2

f (f = τ, b) is possible since the masses of the tauon and the

bottom quark are much small than v ' 174 GeV. Then there are three limiting cases that one needs

to consider. Finally, if we work in the basis where Ye is diagonal, then Yν have non-diagonal entries

because of leptonic mixings. These non-diagonal entries will contribute to the RG evolution and

the sizes of these contributions are more difficult to estimate.
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Chapter 5

Conclusion

The seminal work by Akhmedov and Frigerio [21] showed that by assuming a discrete LR symmetry,

i.e. the charge conjugation symmetry in the LRSM, an analytically solvable seesaw relation can be

obtained, which describes the active neutrino mass matrix as a combination of the type-I and II

seesaw relations. However, due to quantum corrections, below the discrete LR symmetry breaking

scale, the parameters in that seesaw relation evolve differently towards lower energies. Such an

evolution with energy is characterized by the RGE, or the β-function of the corresponding parameter.

In this thesis, we took a bottom-up approach, that is, we inspected the RG evolution from the

low electroweak scale up to the high LR symmetry breaking scale. In this regime, the relevant

particles are the two Higgs doublets that originate from the bi-doublet in the LRSM, as well as

the massless SM particles. The most relevant parameter for the RG running of the active neutrino

masses is the effective vertex κij , which arises after integrating out the RH neutrinos NR and the

SU(2)L scalar triplet ∆L below their mass thresholds. Therefore, by considering all the pertinent

one-loop corrections, we arrived at the β-function of κij in the 2HDM, which is given by Eq.

(4.50) and forms the main result of the thesis. From the effective Lagrangian (4.4) of the 2HDM,

we observed that only the symmetric part κ(ij) (κ(ji) = κ(ij)) contributes to the active neutrino

masses. However, as we symmetrized and antisymmetrized the β-function of κij , we found that the

symmetric part of the β-function contains the symmetric κ(ij) as well as antisymmetric κ[ij] (κ[ji] =

κ[ij]). This interesting result implies that due to quantum corrections, the antisymmetric κ[ij]

implicitly contributes to neutrino mass through the RG evolution. Moreover, as the first step beyond

the 2HDM, we considered the additional contributions from NR and ∆L to the effective vertex

renormalization because the incorporation of them is relatively straightforward. We found three

relevant one-loop diagrams, which add three additional terms to the β-function correspondingly.

The results we obtained are valid for a general n Higgs doublet model. At the end, we also made

some simple arguments to simplify the RGE based on the structure of the Yukawa coupling matrices.

The work that is presented in this thesis is the first concrete step towards obtaining a full RG

analysis of the LR symmetric seesaw relation (3.66) from the electroweak scale to the discrete LR

symmetry breaking scale. This will open up a window for us to inspect the physics at high energies

more carefully, based on the low-energy physics that is accessible from current experiments. Hence,

as the second step, it is reasonable to add into the theory the remaining particles in the spectrum

shown in Fig. 4.1, i.e. ∆0r
R ,∆

++
R ,W±R and Z0

R, and determine their contributions to κij . Next, once

the running is above their mass thresholds, the RG evolution of other parameters such as fL and fR
becomes important. Similarly, we also need to determine the RG evolution of the Yukawa couplings

y1 and y2. This step can be done on the software packages such as SARAH [135] and PyR@TE [136],

which implement the general formulas for two-loop RG equations [137, 138, 139]. After the full set of

RGEs are derived, one can perform a dedicated phenomenological study based on this model. Some

phenomenological implications of the RG analysis may include the following. First, the evolved

neutrino mass matrix can be used to extract the running of the mixing angles, phases, and mass

eigenvalues, which are important parameters in flavor model building that is usually associated

with a high energy scale. Second, as briefly mentioned before, the seesaw mechanism provides an

attractive mechanism for generating the baryon asymmetry of our Universe through leptogenesis.

Thus, analyzing the RG evolution in the LRSM, which has the seesaw mechanism embedded, can

help us constrain leptogenesis better. Last but not least, it also provides insight into the GUTs

since for example, as mentioned before, the LRSM can be embedded in SO(10).
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[115] P. F. Peréz, Renormalizable adjoint SU(5). Phys. Lett. B, 654, 189 (2007) arXiv:hep-

ph/0702287.
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Appendix A

The Standard Model (SM) and the Left-Right Symmet-

ric Model (LRSM)

A.1 Particle Contents of the SM

SU(3)C SU(2)L U(1)Y

Quarks

QL 3 2 1
3

uR 3 1 4
3

dR 3 1 −2
3

Leptons

`L 1 2 −1

eR 1 1 −2

Gauge bosons

Ga 8 1 0

W i 1 3 0

B 1 1 0

Higgs

φ 1 2 1

Table A.1: The particle contents of the SM.

The SM particle contents and their transformation properties under the gauge group SU(3)C ×
SU(2)L × U(1)Y are summarized in Tab. A.1. The electric charge Q of a particle is related to its

weak isospin T3 and its hypercharge Y by

Q = T3 +
Y

2
. (A.1)

As we see, all the particles are SU(3)C singlets except quarks and gluons. For fermions (leptons

and quarks), the LH particles are SU(2)L doublets, while the LH ones are SU(2)L singlets. Gauge

interactions are mediated by the gauge bosons. There are twelve of them, including eight SU(3)C
gauge bosons Gaµ (a = 1, · · · 8) responsible for the strong interaction, three SU(2)L gauge bosons

W i
µ (i = 1, 2, 3) and one U(1)Y gauge boson Bµ responsible for the electroweak interaction. The

Higgs particle is responsible for generating masses for the fermions and the gauge bosons via the

Higgs mechanism.
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A.2. PARTICLE CONTENTS OF THE LRSM

A.2 Particle Contents of the LRSM

SU(3)C SU(2)L SU(2)R U(1)B−L

Fermion sector

QL 3 2 1 1
3

QR 3 1 2 1
3

`L 1 2 1 −1

`R 1 1 2 −1

Higgs sector

Φ 1 2 2 0

∆L 1 3 1 2

∆R 1 1 3 2

Gauge boson sector

Ga 8 1 1 0

W i
L 1 3 1 0

W i
R 1 1 3 0

A 1 1 1 0

Table A.2: The particle contents of the LRSM.

The particle contents of the minimal LRSM, including the fermion sector, the Higgs sector and the

gauge boson sector, are summarized in Tab. A.2. Due to the introduction of the SU(2)R gauge

group, both the LH and RH fermions are now doublets under SU(2). There are also additional

SU(2)R gauge bosons W i
Rµ (i = 1, 2, 3). The conserved charge related to the U(1) symmetry is

B − L, which is related to the electric charge Q by

Q = T3L + T3R +
B − L

2
. (A.2)

Aµ is the U(1)B−L gauge boson, analogous to the U(1)Y gauge boson Bµ in the SM. The Higgs

sector in the LRSM contains three different Higgses, a bi-doublet Φ, an SU(2)L triplet ∆L, and an

SU(2)R triplet ∆R. They transform according to the following relations:

Φ→ ULΦU †R, Φ̃→ ULΦ̃U †R,

∆L → UL∆LU
†
L, ∆†L → UL∆†LU

†
L,

∆R → UR∆RU
†
R, ∆†R → UR∆†LU

†
R,

(A.3)

where UL,R are the SU(2)L,R unitary transformations.
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Appendix B

Dimensional Regularization

B.1 Feynman Parameters

Feynman parameters are based on some easily verifiable mathematical identities, which allow us to

“complete the square” in the denominator for the convenience of later calculations. Some useful

identities are

1

AB
=

∫ 1

0
dx

1

[xA+ (1− x)B]2
, (B.1a)

1

AαBβ
=

Γ(α+ β)

Γ(α)Γ(β)

∫ 1

0
dx

xα−1(1− x)β−1

[xA+ (1− x)B]α+β
, (B.1b)

1

ABC
= 2

∫ 1

0
dx

∫ 1

0
dy

y

[xyA+ (1− x)yB + (1− y)C]3
, (B.1c)

1

A1A2 · · ·An
=

∫ 1

0
dx1 · · · dxnδ

(∑
i

xi − 1

)
(n− 1)!

[x1A1 + x2A2 + · · ·+ xnAn]n
, (B.1d)

where Γ(z) is the Gamma function, which is the natural continuation of the factorial from integers

to complex numbers. It is defined as

Γ(z) ≡
∫ ∞

0
dt e−ttz−1, ∀z ∈ C, Re(z) > 0. (B.2)

It clearly satisfies

Γ(z + 1) = zΓ(z), Γ(1) = 1. (B.3)

Γ(z) diverges at 0 and at all the negative integers, which are called the “poles”. We usually expand

it around the pole at z = 0:

Γ(ε) =
1

ε
− γE +O(ε), (B.4)

where γE ' 0.577 is the Euler-Mascheroni constant. In a more general form, the expansion around

the poles is

Γ(−n+ ε) =
(−1)n

n!

[
1

ε
+ ψ(n+ 1) +O(ε)

]
, (B.5)

where

ψ(n+ 1) =
n∑
k=1

1

k
− γE =

Γ′(z)

Γ(z)
. (B.6)

B.2 Wick Rotations

After introducing the Feynman parameters to complete the square, the one-loop integrals often

appear as ∫
d4k

(2π)4

1

(k2 −∆ + iε)n
. (B.7)
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B.3. DIMENSIONAL REGULARIZATION

Figure B.1: An illustration of Wick rotations. The two poles are shown as dots. Integrating over the real
axis is equivalent to integrating over the imaginary axis. Figure from [140].

Assuming ∆ > 0, such an integral has poles at k0 = ±
(√

~k2 + ∆− iε
)
, as shown in Fig. B.1. Since

the poles are in the top-left and bottom-right quadrants of the k0 complex plane, the integral over

the contour shown in the figure must vanish. This then implies that the integrals over the real axis

and the imaginary axis are equal and opposite. Therefore, if we make the substitution k0 → ik0,

then

k2 → −k2
0 − ~k2 ≡ −k2

E , (B.8)

where k2
E = k2

0 + ~k2 is the Euclidean momentum. This is known as the Wick rotation. Using this

technique, the integral (B.7) can be written as∫
d4k

(2π)4

1

(k2 −∆ + iε)n
= i

∫
d4kE
(2π)4

1

(k2
E + ∆)n

. (B.9)

Hence, by performing the Wick rotation, the poles in the original integral no longer exist.

B.3 Dimensional Regularization

The key observation of DR is that an integral such as∫
ddk

(2π)d
1

(k2 −∆ + iε)2
(B.10)

is divergent only if d ≥ 4. If d < 4, it is convergent. To evaluate such an integral, the first step is

generally to perform Wick rotation. After that, we go to the spherical coordinates, that is,∫
ddk =

∫
dΩd

∫
dk kd−1, (B.11)

where dΩd denotes the differential solid angle of the d-dimensional unit sphere. Note that d is the

dimension of the solid volume, not the surface, which has dimension d− 1. The (d− 1)-dimensional

surface areas of a ball of radius 1 in integer dimensions are

Ω2 =

∫
dΩ2 = 2π (circle), (B.12a)

Ω3 =

∫
dΩ3 = 4π (sphere), (B.12b)

Ω4 =

∫
dΩ4 = 2π2 (3-sphere) etc. (B.12c)
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B.4. PASSARINO-VELTMAN FUNCTIONS

For non-integer dimensions, the surface area formula can be derived using the Gaussian integrals

(√
π
)d

=

(∫ ∞
−∞

dx e−x
2

)d
=

∫
dΩd

∫ ∞
0

dr rd−1e−r
2

=
1

2
Γ

(
d

2

)∫
dΩd. (B.13)

So we have

Ωd =

∫
dΩd =

2πd/2

Γ
(
d
2

) . (B.14)

Then the integrals over the Euclidean kE are straightforward,∫
dkE

kaE
(k2
E + ∆)b

= ∆
a+1

2
−bΓ

(
a+1

2

)
Γ
(
b− a+1

2

)
2Γ(b)

. (B.15)

In summary, some useful d-dimensional integrals for DR are:∫
ddk

(2π)d
1

(k2 −∆ + iε)n
= i

(−1)n

(4π)d/2
Γ
(
n− d

2

)
Γ(n)

(
1

∆

)n−d/2
(B.16a)

∫
ddk

(2π)d
k2

(k2 −∆ + iε)n
= −id

2

(−1)n

(4π)d/2
Γ
(
n− 1− d

2

)
Γ(n)

(
1

∆

)n−1−d/2
(B.16b)

∫
ddk

(2π)d
kµkν

(k2 −∆ + iε)n
= − i

2
ηµν

(−1)n

(4π)d/2
Γ
(
n− 1− d

2

)
Γ(n)

(
1

∆

)n−1−d/2
(B.16c)

∫
ddk

(2π)d

(
k2
)2

(k2 −∆ + iε)n
= i

d(d+ 2)

4

(−1)n

(4π)d/2
Γ
(
n− 2− d

2

)
Γ(n)

(
1

∆

)n−2−d/2
(B.16d)

∫
ddk

(2π)d
kµkνkρkσ

(k2 −∆ + iε)n
=
i

4
(ηµνηρσ + ηµρηνσ + ηµσηνρ)

(−1)n

(4π)d/2
Γ
(
n− 2− d

2

)
Γ(n)

(
1

∆

)n−2−d/2
.

(B.16e)

By symmetry, the integrals over odd powers of kµ in the numerator vanishes,∫
ddk

(2π)d
kµf(k2) = 0. (B.17)

Moreover, we can transform integrals containing kµkν into those involving only k2 by using∫
ddk

(2π)d
kµkνf(k2) =

1

d
ηµν

∫
ddk

(2π)d
k2f(k2), (B.18)

where we have used the property of the Minkowski metric tensor in d dimensions,

ηµνη
µν = d. (B.19)

At the end of DR, we set d = 4 and go back to the usual 4-dimensional spacetime.

B.4 Passarino-Veltman Functions

The Passarino-Veltaman functions [131] are very useful in loop calculations because their divergent

parts have been identified and one can refer to these functions when calculating loop diagrams and

quickly determine the divergences. In the calculations involved in this thesis, we mainly use the

Passarino-Veltaman functions to determine the divergent parts of the loop diagrams.
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B.4. PASSARINO-VELTMAN FUNCTIONS

The one-point function A0

The one-point function is defined as

A0(m2) ≡ µε

iπ2

∫
ddk

1

k2 −m2
. (B.20)

Remember that µ is the renormalization scale introduced to make the coupling in the vertex function

dimensionless and ε = 4− d. This can be evaluated using the formulas given previously:

A0(m2) = (2π)d
µε

iπ2

∫
ddk

(2π)d
1

k2 −m2

(B.16a)
= −m2π−ε/2Γ

(
−1 +

ε

2

)( µ2

m2

)ε/2
(B.5)
= m2

[
1− ε

2
lnπ +O(ε2)

][2

ε
+ ψ(2) +O(ε)

][
1 +

ε

2
ln
µ2

m2
+O(ε2)

]
(B.6)
= m2

(
2

ε
− lnπ − γE + 1 + ln

µ2

m2

)
+O(ε).

(B.21)

The terms proportional to ε and higher orders of ε are irrelevant because they vanish as ε→ 0, i.e.

d→ 4. Therefore, the one-point function can be written as a sum of the divergent and finite parts,

A0(m2) =
2

ε
m2 + UV finite. (B.22)

The two-point function B

The two-point functions are defined as

B0(p2,m2
1,m

2
2) ≡ µε

iπ2

∫
ddk

1

(k2 −m2
1)
[
(k + p)2 −m2

2

] , (B.23a)

Bµ(p2,m2
1,m

2
2) ≡ µε

iπ2

∫
ddk

kµ

(k2 −m2
1)
[
(k + p)2 −m2

2

] , (B.23b)

Bµν(p2,m2
1,m

2
2) ≡ µε

iπ2

∫
ddk

kµkν

(k2 −m2
1)
[
(k + p)2 −m2

2

] . (B.23c)

The last two functions Bµ and Bµν can be expressed in terms of the external momentum p and

further scalar functions,

Bµ = pµB1, (B.24a)

Bµν = ηµνB00 + pµpνB11, (B.24b)

where B1, B00 and B11 are all divergent functions. Similar, their divergences can be evaluated in a

similar fashion to the one-point function. For simplicity, we will not perform explicit calculations

here and they are listed in Tab. B.1.

The three-point function C

The three-point functions are functions

C = C
(
p2, (p− q)2, q2,m2

1,m
2
2,m

2
3

)
(B.25)
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B.4. PASSARINO-VELTMAN FUNCTIONS

that are defined as

C0 ≡
µε

iπ2

∫
ddk

1

(k2 −m2
1)
[
(k + p)2 −m2

2

][
(k + q)2 −m2

3

] , (B.26a)

Cµ ≡
µε

iπ2

∫
ddk

kµ

(k2 −m2
1)
[
(k + p)2 −m2

2

][
(k + q)2 −m2

3

] , (B.26b)

Cµν ≡
µε

iπ2

∫
ddk

kµkν

(k2 −m2
1)
[
(k + p)2 −m2

2

][
(k + q)2 −m2

3

] , (B.26c)

Cµνρ ≡
µε

iπ2

∫
ddk

kµkνkρ

(k2 −m2
1)
[
(k + p)2 −m2

2

][
(k + q)2 −m2

3

] . (B.26d)

Again, the integrals with a tensor structure can be reduced to expressions containing tensor coeffi-

cient functions, that is,

Cµ = pµC1 + qµC2, (B.27a)

Cµν = ηµνC00 + pµpνC11 + qµqνC22 + (pµqν + qµpν)C12, (B.27b)

Cµνρ = (ηµνpρ + ηνρpµ + ηµρpν)C001 + (ηµνqρ + ηνρqµ + ηµρqν)C002

+ (pµpνqρ + pµqνpρ + qµpνpρ)C112 + (qµqνpρ + qµpνqρ + pµqνqρ)C122

+ pµpνpρC111 + qµqνqρC222.

(B.27c)

From power counting, we find that C0 and Cµ are finite, while Cµν and Cµνρ contain divergences

in ε. They are again summarized in Tab. B.1.

Of course, one can also define the four-point functions which contain 8 powers of k in the

denominator of the integrand. Since they are not used in our calculations, we do not list them here.

Summary of the divergences

Integral Divergent part

A0(m2)
2
εm

2

B0(p2,m2
1,m

2
2)

2
ε

B1(p2,m2
1,m

2
2) −1

ε

B00(p2,m2
1,m

2
2) − 1

6ε

(
p2 − 3m2

1 − 3m2
2

)
B11(p2,m2

1,m
2
2)

2
3ε

C00
1
2ε

C001 − 1
6ε

C002 − 1
6ε

Table B.1: The divergent parts of the one-, two-, and three-point Passarino-Veltman functions [141].
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Appendix C

Seesaw Mechanisms in Feynman Diagrams

Here, we consider the Feynman diagrams of the type-I and type-II seesaw mechanisms and derive

the effective coupling of the Weinberg operator using the relevant Feynman rules.

In the type-I seesaw mechanism, due to the introduction of the RH neutrinos NR, the new

Yukawa coupling arises, which is given by

LY = −NR yN φ̃
†`L − `Lφ̃ y†NNR. (C.1)

Then the process of integrating out the RH neutrinos can be understood by considering the corre-

sponding Feynman diagrams:

Nγ
R

φd `βLc

`αLb φa

+

Nγ
R

`αLb

φd

φa

`βLc

p2�M2
N−−−−−→ κ

`αLb φa

φd `βLc

(C.2)

The two Feynman diagrams on the left correspond to two possible topologies of the interaction

vertices arisen from the Yukawa couplings among the RH neutrinos, the Higgs doublet and the

lepton doublet, corresponding to the Lagrangian (C.1). At an energy scale much lower than the RH

neutrino masses, that is, when all the particles’ momenta are much smaller than the RH neutrino

masses, p2 � M2
N , NR are effectively integrated out. This means that the propagator line of NR

in the Feynman diagram can be ignored, resulting the effective vertex joining two Higgs doublets

and two lepton doublets together, as shown in the Feynman diagram on the right. This effective

interaction is characterized by the effective coupling κ. It can be determined by evaluating the

Feynman diagrams above using the Feynman rules given in [142]

Nγ
R

φd `βLc

`αLb φa

+

Nγ
R

`αLb

φd

φa

`βLc

=
[
−i(yTN )βγεcdPL

] i(/p+MN

)
p2 −M2

N

[
−i(yN )γα(εT )abPL

]
+

[
−i(yTN )βγεcaPL

] i(/p+MN

)
p2 −M2

N

[
−i(yN )γα(εT )dbPL

]
p2�M2

N−−−−−→ i · 2
(
yTNM

−1
N yN

)
βα
· 1

2
(εcdεba + εcaεbd)PL.

(C.3)
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On the other hand, the Feynman rule of the effective vertex is given by

κ

`αLb φa

φd `βLc

= iκβα ·
1

2
(εcdεba + εcaεbd)PL. (C.4)

Matching this to the analytical expression in (C.3), we identify

κ = 2yTNM
−1
N yN , (C.5)

which agrees with Eq. (3.43).

In the case of the type-II seesaw mechanism, the new interactions due to the addition of the

SU(2)L scalar triplet ∆ are given by

LI = −Λ
(
φT iτ2∆†φ

)
− f∆

(
`TLCiτ2∆`L

)
+ h.c. (C.6)

There is only one Feynman diagram in the full theory that contributes to the effective operator at

low energies

∆k

φa

φd

`αLb

`βLc

Λ f∆

q2�M2
∆−−−−−→ κ

`αLb φa

φd `βLc

= [(f∆)βα(τ2τk)cb]
i

q2 −M2
∆

[Λ(τ2τk)ad]
q2�M2

∆−−−−−→ −i · 2 Λ

M2
∆

(f∆)βα ·
1

2
(εcdεba + εcaεbd).

(C.7)

Again, by matching this analytical expression to the effective vertex expression (C.4), we obtain the

effective coupling for the type-II seesaw mechanism,

κ = −2
Λ

M2
∆

f∆, (C.8)

which agrees with Eq. (3.51).
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Appendix D

Summary of the Relevant Feynman Rules

Here we list the Feynman rules for a general n Higgs doublet model that were used in the calculations

involved in this thesis. Following [143], we introduce the notion of fermion flow, which is indicated

by a gray arrow in the diagrams. If the lepton number is conserved, it coincides with the lepton

number flow. However, due to the presence of Majorana spinors, the lepton number is violated by

2. Thus, for leptons, the fermion flow may be parallel or antiparallel to the lepton number flow. As

baryon number is conserved in our model, we do not need fermion flow for the quarks.

Propagators

For simplicity, we define the Majorana spinors Nα ≡ Nα
R + (Nα

R)C to describe the heavy neutrinos.

Nα
Nβ

: iSN (p) =
i(/p+Mα)

p2 −M2
α + iε

δβα (D.1a)

`αLa `βLb

: iS`L(p) =
i/p

p2 + iε
δβαδba (D.1b)

eαR eβR

: iSeR(p) =
i/p

p2 + iε
δβα (D.1c)

`αLa `βLb

: iS`L(−p) =
−i/p

p2 + iε
δβαδba (D.1d)

eαR eβR

: iSeR(−p) =
−i/p

p2 + iε
δβα (D.1e)

QαLa QβLb

: iSQL(p) =
i/p

p2 + iε
δβαδba (D.1f)

uαR uβR

: iSuR(p) =
i/p

p2 + iε
δβα (D.1g)

dαR dβR

: iSdR(p) =
i/p

p2 + iε
δβα (D.1h)

φai φbj
: iSφ(p) = (U †)ik

i

p2 − d2
kk + iε

Ukjδba (D.1i)

∆a ∆b

: iS∆(p) =
i

p2 −M2
∆ + iε

δba (D.1j)

Bµ Bν
: iDµν

B (p) = i
−ηµν + (1− ξ1)p

µpν

p2

p2 + iε
(D.1k)

W sµ W tν
: iDµν

W s(p) = i
−ηµν + (1− ξ2)p

µpν

p2

p2 + iε
δst (D.1l)
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Gauge boson - lepton interactions

`αLa

Bµ

`βLb

:
i

2
µ
ε
2 g1δβαδbaγµPL

`αLa

Bµ

`βLb

: − i
2
µ
ε
2 g1δαβδabγµPR (D.2a)

`αLa

W s
µ

`βLb

: − i
2
µ
ε
2 g2δβατ

s
baγµPL

`αLa

W s
µ

`βLb

:
i

2
µ
ε
2 g2δαβ(τ sT )baγµPR (D.2b)

eαR

Bµ

eβR

: iµ
ε
2 g1δβαγµPR

eαR

Bµ

eβR

: −iµ
ε
2 g1δαβγµPL (D.2c)

Gauge boson - Higgs interactions

In the 2HDM, the Higgs Lagrangian is given by

Lφ = (Dµφi)
†(Dµφi)−m2

ijφ
†
iφj −

1

4
λijkl

(
φ†iφj)

(
φ†kφl

)
. (D.3)

Hence, we see that the kinetic term is diagonal in the Higgs flavor space. The Feynman rules are

then given by

φai

p

Bµ

φbj
q

: − i
2
µ
ε
2 g1(pµ + qµ)δbaδji (D.4a)

φai

p

W s
µ

φbj
q

: − i
2
µ
ε
2 g2(pµ + qµ)τ sbaδji (D.4b)

where p and q are the momenta of the Higgses. The quartic couplings between the gauge bosons

and Higgses also exist but are not shown here because they are not used in this thesis.
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Yukawa interactions

`αLb

φai
Nβ

: −iµ
ε
2 (Y i

ν )βα(εT )abPL

`αLb

φai
Nβ

: −iµ
ε
2 (Y iT

ν )αβεabPL (D.5a)

Nβ

`αLb
φai

: −iµ
ε
2 (Y i†

ν )αβεbaPR

Nβ

`αLb
φai

: −iµ
ε
2 (Y i∗

ν )βα(εT )abPR (D.5b)

`αLb

eβR
φai

: −iµ
ε
2 (Y i

e )βαδabPL

`αLb

eβR
φai

: −iµ
ε
2 (Y iT

e )αβδabPL (D.5c)

eβR

φai

`αLb

: −iµ
ε
2 (Y i†

e )αβδabPR

eβR

φai

`αLb

: −iµ
ε
2 (Y i∗

e )βαδabPR (D.5d)

QαLb

φai

uβR

: −iµ
ε
2 (Y i

u)βα(εT )abPL

uβR

QαLb
φai

: −iµ
ε
2 (Y i†

u )αβεbaPR (D.5e)

QαLb

dβR
φai

: −iµ
ε
2 (Y i

d )βαδabPL

dβR

φai

QαLb

: −iµ
ε
2 (Y i†

d )αβδbaPR (D.5f)

`αLa

`βLb
∆c

: µ
ε
2 (Y∆)βα(τ2τc)baPL

`αLa

`βLb
∆c

: −µ
ε
2 (Y †∆)αβ(τcτ2)abPR (D.5g)

Higgs-Higgs interactions

The Feynman rule for the quartic interaction between the Higgses is derived from the last term in

Lagrangian (D.3). It is given by

φbj

φai

φdl

φck
: −iµε 1

2
(λkiljδcaδdb + λkjliδcbδda) (D.6)
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For the Higgs-Higgs interactions involving the SU(2)L scalar triplet ∆ and the Higgs doublets

φi, we derive the Feynman rules from the following Lagrangian:

L(∆,φ) = −Λij1 φ
†
iφj Tr

(
∆†∆

)
− Λij2 φ

†
i

[
∆†,∆

]
φj −

[
Λij3√

2
φTi iτ2∆†φj + h.c.

]
(D.7)

Then the Feynman rules are given by

φai ∆c

φbj ∆d
: −iµε

[
Λij1 δbaδdc + Λij2 iεdcm(τm)ba

]
(D.8a)

φai

φbj
∆c

: Λij3 µ
ε
2 (τ2τc)ba (D.8b)

∆c

φbj

φai

: −Λij∗3 µ
ε
2 (τcτ2)ab (D.8c)

Counterterms for the two-point functions

`αLa `βLb

: i/p(δZ`L)βαPLδba (D.9a)

`αLa `βLb

: −i/p(δZ`L)βαPLδba (D.9b)

φai φbj
: i
[
p2(δZφ)ij − δm2

ij

]
δba (D.9c)

Effective vertex and its counterterm

κ

`αLb φai

φdj `βLc

: iµε
1

2

(
κjiβαεcdεba + κijβαεcaεbd

)
(D.10a)

`αLb

φdj

φai

`βLc

: iµε
1

2

(
δκjiβαεcdεba + δκijβαεcaεbd

)
(D.10b)
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Acronyms

Here is the list of common acronyms that are used throughout the thesis in alphabetical order.

2HDM Two Higgs doublet model

CMB Cosmic microwave background

CP Charge-parity

DR Dimension regularization

EFT Effective field theory

GUT Grand unified theory

GWS theory Glashow-Weinberg-Salam theory

IO Inverted ordering

LH Left-handed

LR Left-right

LRSM Left-right symmetric model

MS Minimal subtraction

MS Modified minimal subtraction

NO Normal ordering

PMNS matrix Pontecorvo-Maki-Nakagawa-Sakata matrix

QED Quantum electrodynamics

QFT Quantum field theory

RH Right-handed

RG Renormalization group

RGE Renormalization group equation

SM Standard Model

UV Ultraviolet

VEV Vacuum expectation value
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