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Neutrino Masses

Neutrinos

• Weakly interacting particles.

• Neutrino oscillations1 indicate that they have non-zero masses:

P(να → νβ) ≈ sin2(2θ) sin2 ∆m2
12

4E
L.

• Active neutrinos have tiny masses.
I Effective neutrino mass bounds from 0ν2β decay2: mee . 0.16 eV
I Neutrino mass bounds from cosmological probes3: mν =

∑
i mi . 0.12 eV

• Neutrino mass is not explained by the Standard Model (SM).

1Y. Fukuda et al. (Super-Kamiokande Collaboration), Phys. Rev. Lett., 81, 1562 (1998).
2A. Gando et al. (KamLAND-Zen Collaboration), Phys. Rev. Lett., 117, 082503 (2016).
3N. Palanque-Delabrouille et al., JCAP, 11, 011 (2015).
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Neutrino Masses

Fermion Mass Terms
• A fermion (spinor) field is generally composed of the left-handed (L) and

right-handed (R) chiral components.
• Fermions in the SM except neutrinos obtain their masses via the Higgs

mechanism, e.g.

Le = −ye(`LφeR + φ†eR`L)

〈φ〉=

0
v


−−−−−−→ −yev(eLeR + eReL)

Source: Quantum Diaries blog.
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Neutrino Masses

Dirac or Majorana?

• If ψL is completely independent of ψR, we have a Dirac field:

LD = −mD(ψLψR + ψRψL).

• If ψL is the particle-antiparticle conjugation4 of ψR,

ψL = ψC
R ≡

(
ψC)

L,

we have a Majorana field:

LM = −1
2

mR(ψC
RψR + ψRψ

C
R).

4Some call it charge conjugation in the literature.
4 / 30



Neutrino Masses

Dirac or Majorana?

• If ψL is completely independent of ψR, we have a Dirac field:

LD = −mD(ψLψR + ψRψL).

• If ψL is the particle-antiparticle conjugation4 of ψR,

ψL = ψC
R ≡

(
ψC)

L,

we have a Majorana field:

LM = −1
2

mR(ψC
RψR + ψRψ

C
R).

4Some call it charge conjugation in the literature.
4 / 30



Neutrino Masses

Origin of Neutrino Mass
• Question: How to generate small neutrino masses?

• If neutrinos are Dirac fermions, neutrino masses are produced via the Higgs
mechanism.
=⇒ A tiny Yukawa coupling: fine-tuning problem
• If Neutrinos are Majorana fermions, they allow for a Dirac mass as well as a

Majorana mass.
=⇒ Seesaw mechanism

Source: Symmetry Magazine
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Neutrino Masses

Seesaw Mechanism
• If we introduce the heavy RH neutrinos:

Lm = −1
2

N C
RMN NR −

1
2

NRMN N C
R

Majorana mass terms

−NR yN φ̃†`L − `Lφ̃ y†
N NR

Dirac Yukawa coupling

• Effective field theory:

NR

φd `Lc

`Lb φa

+

NR

`Lb

φd

φa

`Lc

q2�M2
N−−−−−→ κ

`Lb φa

φd `Lc

• Effective Lagrangian is given by

Lκ =
1
4

2yT
N M−1

N yN︸ ︷︷ ︸
≡ κ

(`CLεφ) (`Lεφ) + h.c.
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Neutrino Masses

Seesaw Mechanism

Lκ =
1
4

2yT
N M−1

N yN︸ ︷︷ ︸
≡ κ

(`CLεφ) (`Lεφ) + h.c.

• After electroweak symmetry breaking:

〈φ0〉 = v =⇒ Lκ =
1
2

(
v2

2
κ

)
νCLνL + h.c.

=⇒ mν = −v2

2
κ = −v2yT

N M−1
N yN

• We obtain the type-I seesaw relation:

mν = −v2yT
N M−1

N yN .
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Neutrino Masses

Seesaw Mechanism
• Instead of RH neutrinos, we can also introduce a charged scalar triplet ∆ ∼ (3, 1):

∆ =
σi∆i
√

2
=

(
∆+/
√

2 ∆++

∆0 −∆+/
√

2

)
.

• Effective vertex:

∆

φa

φd

`Lb

`Lc

Λ6 f∆
q2�M2

∆−−−−−→ κ

`Lb φa

φd `Lc

• Similar derivation yields the type-II seesaw relation:

mν = v∆f∆ ∼
(
Λ6v2

M 2
∆

)
f∆.
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The Left-Right Symmetric Model
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The Left-Right Symmetric Model

Gauge LR Symmetry
• The Standard Model gauge group:

GSM = SU (3)C︸ ︷︷ ︸
color charge

× SU (2)L︸ ︷︷ ︸
weak isospin

× U (1)Y︸ ︷︷ ︸
hypercharge

.

• In the left-right symmetric model (LRSM), the gauge group is extended:

GLR = SU (3)C × SU (2)L × SU (2)R × U (1)B−L︸ ︷︷ ︸
baryon number − lepton number

.

• Fermion sector:
QL,R =

(
u
d

)
L,R

, `L,R =

(
ν
e

)
L,R

• Higgs sector:

Φ =

(
φ0

1 φ+2
φ−1 φ0

2

)
, ∆L,R =

(
∆+/
√

2 ∆++

∆0 −∆+/
√

2

)
L,R
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The Left-Right Symmetric Model

Symmetry Breaking in LRSM

• Type-I and II seesaw mechanisms are naturally embedded in the LRSM.

• Symmetry breaking pattern:

SU (2)L × SU (2)R ×U (1)B−L
〈∆R〉−−−→ SU (2)L ×U (1)Y

〈Φ〉,〈∆L〉−−−−−→ U (1)EM

I 〈∆R〉 =⇒ MN = vRfR
I 〈Φ〉 =⇒ mI

ν ' − v2

vR
yT f −1

R y (type-I seesaw)

I 〈∆L〉 =⇒ mII
ν = vLfL (type-II seesaw)

• The LR symmetric seesaw relation is

mν = mII
ν + mI

ν ' vLfL −
v2

vR
yT f −1

R y
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The Left-Right Symmetric Model

Discrete LR Symmetry
• The discrete charge conjugation symmetry (`L ↔ `CR) leads to

fL = fR ≡ f , y = yT ,

so that the LR symmetric seesaw relation

mν = mII
ν + mI

ν ' vLfL −
v2

vR
yT f −1

R y

=⇒ mν = mII
ν + mI

ν ' vLf − v2

vR
yf −1y

can be solved analytically5.

• The parameters in the seesaw relation receive quantum corrections as they evolve
towards lower energies (“running”), which will lead to the the violation of the
discrete LR symmetry.
• Quantum corrections are described by the renormalization group equations

(RGEs).

5See E. K. Akhmedov and M. Frigerio, Phys. Rev. Lett., 96, 061802 (2006).
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Renormalization Group Equations

Taming Divergences
• Infinities show up when we calculate loop diagrams. For example,

iΣφ =
p−→ p−→

φc

k←−

φa φb =
3
2
λ

∫
d4k
(2π)4

1
k2 −m2 + iε

→∞.

• We use dimensional regularization to evaluate the integral.
• Key observation: such an integral is divergent in d = 4 but convergent in d < 4.

iΣφ =
3
2
µελ

∫
ddk
(2π)d

1
k2 −m2 + iε

= i 3
32π2λm2

[
2
ε
+ ln

4πµ2

m2 − γE + 1 + O(ε)

]
,

where d = 4− ε and µ is some arbitrary mass scale introduced to keep the coupling
constant dimensionless.
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Renormalization Group Equations

Counterterms

• “Bare” quantities are not observable in experiments and so they can be divergent;
the renormalized ones need to be finite!

• Define the relations between them

φB = Zφ
1/2φ

m2
B = Zφ

−1(m2 + δm2)

λB = µεZφ
−2Zλλ.

• To one-loop order, expand the renormalization constant:

Zφ = 1 + δZφ

Zλ = 1 + δZλ.

δZφ, δZλ and δm2 are called the counterterms used to cancel the divergences.
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Renormalization Group Equations

Counterterms
• Lagrangian of the Higgs potential in the SM:

Lφ = (∂µφB)
†(∂µφB)−m2

Bφ
†
BφB −

1
4
λB(φ

†
BφB)

2

= (∂µφ)
†(∂µφ)−m2φ†φ− 1

4
µελ(φ†φ)2+

δZφ(∂µφ)
†(∂µφ)− δm2φ†φ− 1

4
µεδZλλ(φ

†φ)2

Counterterm Lagrangian

.

• The counterterm Lagrangian comes with the Feynman rule:

φ φ
= i(p2δZφ − δm2).
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Renormalization Group Equations

MS Scheme
iΣφ = i 3

32π2λm2
[

2
ε
+ ln

4πµ2

m2 − γE + 1 + O(ε)

]
• For simplicity:

φ φ
=

φ
+

φ φ

φ

+
φ φ

= i + iΣφ + i(p2δZφ − δm2)
!
= UV finite,

• The Minimal Subtraction (MS) scheme: only the divergent part in the vertex
function is absorbed in the counterterms.
•

p2δZφ − δm2 +
3

16π2λm2 1
ε
= 0,

which gives
δZφ = 0

δm2 =
3

16π2λm2 1
ε
.
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Renormalization Group Equations

Renormalization Group Equations
• The renormalized quantities (e.g. m, λ) depend on the renormalization scale µ, but

the bare quantities do not.

• Consider the n-point Green function in momentum space with wavefunction
renormalization φB = Z1/2

φ φ:

G(n)
B ({pi}, λB,mB) = Zn/2

φ G(n)({pi}, λ,m, µ),

• The bare Green function is independent of the renormalization scale µ:

µ
d

dµ
G(n)

B ({pi}, λB,mB) = 0

=⇒
[
µ
∂

∂µ
+ β

∂

∂λ
− γmm ∂

∂m
+

n
2
γ

]
G(n)({pi}, λ,m, µ) = 0 Callan-Symanzik equation

where

β ≡ µdλ
dµ
, γm ≡ −

1
m
µ

dm
dµ

, γ ≡ 1
Zφ
µ

dZφ

dµ
RGEs
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Effective Vertex Corrections in 2HDM

Relevant Particles

SU (2)R ×U (1)B−L → U (1)Y vR

SU (2)L ×U (1)Y → U (1)EM v

{φ1, φ2} 2HDM

{
NR,∆L,∆

++
R ,∆0r

R ,W
±
R ,Z0

R
}

Aim: derive the RGE for the effective coupling κ in the Two Higgs Doublet Model
(2HDM).
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Effective Vertex Corrections in 2HDM

Revisiting the Feynman Rules
• Higgs self-interaction in SM:

φb

φa

φd

φc
: −iµελ1

2
(δcaδdb + δcbδda)

• Higgs self-interaction in 2HDM (or n Higgs in general):

Lφ =
1
4
λijkl

(
φ†iφj

)(
φ†kφl

)
=⇒ λijkl = λklij

φbj

φai

φdl

φck
: −iµε 1

2
(
λkiljδcaδdb + λkjliδcbδda

)
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Effective Vertex Corrections in 2HDM

Revisiting the Feynman Rules

• Effective Lagrangian in SM: Lκ = 1
4κβα(`

C
L
β
εφ) (`αLεφ) + h.c.

κ

`αLb φa

φd `βLc

: iµεκβα
1
2
(εcdεba + εcaεbd)

• Effective Lagrangian in 2HDM:

Lκ =
1
4
(κ1)

ji
βα(`

C
L
β
εφj)(`

α
Lεφi) +

1
4
(κ2)

ji
βα(`

C
L
β
ε`αL)(φjεφi) + h.c.
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Effective Vertex Corrections in 2HDM

Revisiting the Feynman Rules

• Effective vertex in SM:

κ

`αLb φa

φd `βLc

: iµεκβα
1
2
(εcdεba + εcaεbd)

• Effective vertex in 2HDM:

κ

`αLb φai

φdj `βLc

: iµε 1
2

(
κji
βαεcdεba + κij

βαεcaεbd

)
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Effective Vertex Corrections in 2HDM

Higgs Wavefunction Renormalization

Relevant diagrams:

φai φbj

φck

φai
`αLc

φbj

eβR

φai
Qα

Lc

φbj

dβ
R

φai
Qα

Lc

φbj

uβ
R

φai
φck

φbj

B

φai
φck

φbj

W s
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Effective Vertex Corrections in 2HDM

Higgs Wavefunction Renormalization
Determine the counterterm:

φi φj
=

φi φj
+

φi φj

φ

+
φi eR

φj

`L

+
φi

dR
φj

QL

+
φi uR

φj

QL

+
φi

φk
φj

B

+

3∑
s=1 φi

φ
φj

W s

+
φi φj

= iδij + i
∑

all vertex corrections + i
[
p2(δZφ)

ij − δm2
ij

]
!
= finite.

=⇒ (δZφ)
ij = − 1

16π2

[
2Tr

(
Y i†

e Y j
e + 3Y i†

d Y j
d + 3Y i†

u Y j
u

)
− 1

2
g2

1(3− ξ1)δij −
3
2

g2
2(3− ξ2)δij

]
1
ε
.
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Effective Vertex Corrections in 2HDM

Lepton Doublet Wavefunction Renormalization

Relevant diagrams:

`αLa

φck

eγR
`βLb

`αLa

B

`γLc

`βLb
`αLa

W s

`γLc

`βLb
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Effective Vertex Corrections in 2HDM

Lepton Doublet Wavefunction Renormalization
Determine the counterterm:

`αL `βL

=
`αL `βL

+
`αL

φk

eR
`βL

+
`αL

B

`L
`βL

+

3∑
s=1 `αL

W s

`L
`βL

+
`αL `βL

= iδβα + i
∑

all vertex corrections + i/p(δZ`L)βαPL

!
= finite.

=⇒ (δZ`L)βα = − 1
16π2

[ 2∑
k=1

(
Y k†

e Y k
e

)
βα

+
1
2
ξ1g2

1δβα +
3
2
ξ2g2

2δβα

]
1
ε
.
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Effective Vertex Corrections in 2HDM

Effective Vertex Renormalization
Relevant diagrams:
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Effective Vertex Corrections in 2HDM

Effective Vertex Renormalization

Similar contributions from the W bosons.
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Effective Vertex Corrections in 2HDM

Effective Vertex Wavefunction Renormalization

Determine the counterterm:

(Γφ
κ)

ij
βα

∣∣∣∣
div

+

4∑
s=1

(Γe(s)
κ )ij

βα

∣∣∣∣
div

+

6∑
s=1

(ΓB(s)
κ )ij

βα

∣∣∣∣
div

+

6∑
s=1

(ΓW (s)
κ )ij

βα

∣∣∣∣
div

+
1
2

[
(δκ)ji

βαεcdεba + (δκ)ij
βαεcaεbd

]
PL = 0

(δκ)ij
βα = − 1

16π2

{
−

2∑
k,l=1

κkl
βαλkilj + 2

2∑
k=1

(
κkjY i†

e Y k
e + κjkY i†

e Y k
e − κikY j†

e Y k
e

+ Y kT
e Y j∗

e κik + Y kT
e Y j∗

e κki −Y kT
e Y i∗

e κkj
)
βα

+

(
ξ1 −

3
2

)
g2

1κ
ij
βα +

(
3ξ2 +

3
2

)
g2

2κ
ij
βα − 3g2

2κ
ji
βα

}
1
ε
.
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Effective Vertex Corrections in 2HDM

Effective Vertex β-Function

• The renormalization relation for the effective coupling κij
βα is defined as

(κB)
ij
βα =

(
Z− 1

2
φ

)ii′(ZT− 1
2

`L

)
ββ′µ

ε[κ+ δκ]i
′j′
β′α′

(
Z− 1

2
`L

)
α′α

(
Z− 1

2
φ

)j′j
,

• The β-function for effective coupling is calculated to be

16π2µ
dκij

dµ
=

{
κklλkilj + 2

[
κikY j†

e Y k
e −

(
κkj + κjk

)
Y i†

e Y k
e

+ Y kT
e Y i∗

e κkj −Y kT
e Y j∗

e

(
κik + κki

)]
+ T ii′κi′j + κij′T j′j

+
1
2

(
κijY k†

e Y k
e + Y kT

e Y k∗
e κij

)
− 3g2

2
(
2κij − κji)}.
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Outlook

What’s Next

• Extend the calculations above the 2HDM: first step - include RH neutrinos (NR)
and LH triplet scalar (∆L).

• Obtain other β-functions (e.g. for Yukawa couplings). Can be done by computer
programs.

• Phenomenological study of neutrino mass in the LRSM.
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Back-up Slides

Nature of Neutrinos
Minimal extension in the neutrino sector: right-handed/sterile neutrinos?

arXiv: 1301.5516 [hep-ph]
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